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Abstract. For discrete measured groupoids preserving a probability measure we introduce 
a notion of sofic dimension that measures the asymptotic growth of the number of sofic ap- 
proximations on larger and larger finite sets. In the case of groups we give a formula for free 
products with amalgamation over an amenable subgroup. We also prove a free product formula 
for measure-preserving actions. 



1. Introduction 

For certain kinds of infinite-dimensional structures it is possible to define a notion of volume 
or complexity by measuring the asymptotic growth of the number of models in finite or finite- 
dimensional spaces of increasing size. This idea occurs prototypically in the statistical mechanics 
of infinite lattice systems, where one defines the mean entropy as a limit of weighted averages 
over finite-volume configurations. Via the action of lattice translation, this mean entropy can 
be recast as a particular instance of dynamical entropy. For continuous actions of amenable 
groups on compact Hausdorff spaces, dynamical entropy can be expressed either in information- 
theoretic terms using open covers or as a measure of the exponential growth of the number of 
partial orbits up to an observational error. Kolmogorov-Sinai entropy for measure-preserving 
actions of amenable groups can also be viewed in a similar dual way. 

In a recent breakthrough, Lewis Bowen showed how the statistical mechanical idea of counting 
Unitary models can be used as a means for defining dynamical entropy in the very broad context 
of measure-preserving actions of countable sofic groups [3]. A generalization of both amenability 
and residual finiteness, soficity is defined by the existence of approximate actions on finite spaces, 
and it is these approximate actions which provide the setting for dynamical models. Hanfeng Li 
and the second author subsequently applied an operator algebra perspective to develop a more 
general approach to sofic entropy that yields both topological and measure-theoretic entropy 
invariants [13]. 

This "microstates" approach to dynamical entropy can be compared with the packing for- 
mulation of Voiculescu's free entropy dimension for tracial von Neumann algebras, for which 
the finite modeling takes place in matrix algebras instead of finite sets or commutative finite- 
dimensional C*-algebras. While sofic entropy measures the exponential growth of the number of 
dynamical models relative to a fixed background sequence of sofic approximations for the group, 
free entropy dimension counts the number of matrix models for a finite set of operators (which 
might for instance come from both the group and the space in a crossed product) up to an 
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observational error and measures the growth of this quantity within an appropriate superexpo- 
nential regime as the dimension of the matrix algebra tends to infinity. A major open problem 
concerning free entropy dimension is whether it takes a common value on all finite generating 
sets and hence yields an invariant for the von Neumann algebra. This is true in the hyperfinite 
case [IT] but is unknown for free group factors. In [21] Shlyakhtenko defined a free-entropy-type 
quantity using a combination of permutations and general unitaries that yields an invariant for 
discrete measured equivalence relations. 

In the present paper we define a notion of sofic dimension for groups and measure-preserving 
group actions that is based on discrete models in the manner of sofic entropy but counts all 
models for the structure in the spirit of free entropy dimension. In fact we set up the theory 
of sofic dimension in the more natural and general framework of discrete measured groupoids 
(more precisely, what we call probability-measure-preserving (p.m. p.) groupoids), so that it si- 
multaneously specializes to groups, measure-preserving group actions, and probability- measure- 
preserving equivalence relations. This means in particular that, for free measure-preserving 
actions of countable groups, sofic dimension is an orbit equivalence invariant. 

The dimension is first defined with respect to several local parameters. One of these param- 
eters determines the scale at which the sofic approximations are distinguished, while the others 
determine how good the sofic approximation is. We take an infimum over the latter and then 
a supremum over the former to produce an invariant. We show that the value of this invariant 
can be determined by restricting the parameters to a generating set, which renders it accessible 
to computation. Our main result in the group case gives, under certain regularity assumptions, 
a formula for the sofic dimension of free products with amalgamation over an amenable group, 
in analogy with those for free entropy dimension ^ and cost [9]. This gives in particular a 
free probability proof of the fact that soficity for groups is preserved under free products with 
amalgamation over an amenable group, which was shown in [5j assuming the amenable group to 
be monotileable and in ^ tl8j in general. We also establish a free product formula for measure- 
preserving actions under similar regularity assumptions. In a separate paper devoted to the 
equivalence relation viewpoint [6] we give a formula for the sofic dimension of a free product of 
equivalence relations amalgamated over an amenable subrelation, which applies most notably 
to free actions of free products of groups amalgamated over an amenable subgroup. 

We begin in Section [2] by defining the sofic dimension s(^^) of a p.m. p. groupoid as well 
as a variant s(^^), the lower sofic dimension, obtained by replacing the limit supremum in the 
definition of s(5^) with a limit infimum. We prove in Theorem 12.111 that these invariants can be 
computed on any finite generating set. We also show that the lower sofic dimension of a sofic 
p.m. p. groupoid with infinite classes is at least 1 (Proposition 12.14]) . In Section [3] we record a 
couple of basic results for countable discrete groups, including the fact that s{G) = 1 — \G\~^ 
for a finite group G (Proposition 13. 5p . Section [4] contains the amalgamated free product formula 
for groups. Theorem I4.10| which asserts that, under suitable regularity assumptions, if Gi and 
G2 are countable discrete groups and H is a common amenable subgroup then 

s(Gi *H G2) = s{Gi) + s{G2) - 1 + 

As corollaries we deduce that s{Fj.) = s{Fr) = r for every r G N U {00} where is the free 
group of rank r, and s{G) = s{G) = 1 — for amenable groups G. In Section [5] we show 

how the definition of sofic dimension for a measure-preserving action G r\ X oi a. countable 
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discrete group on a probability space, for which we use the notation s{G,X) and s{G,X), can 
be reformulated so as to conveniently separate the group and space components. We use this 
reformulation in Section [6] to establish the free product formula, Theorem 16.41 which asserts 
that, under suitable regularity assumptions, if Gi and G2 are countable discrete groups and 
Gi * G2 1^ X is a measure-preserving action on a probability space, then 



As a corollary, for every r G N we obtain s{Fr,X) = s{Fr,X) = r for every measure-preserving 
action of the free group F^. 

While working on this project we learned that Miklos Abert, Lewis Bowen, and Nikolai Nikolov 
also defined and studied the same notion of sofic dimension for groups, and it is in fact their 
terminology that we have adopted. Our paper answers a question of Miklos Abert, who asked 
whether the theory can be extended to measure-preserving group actions [1]. 
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the Erwin Schrodinger Institute in Vienna and he would like to thank the institute and the 
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to thank Yasuyuki Kawahigashi for hosting his January 2010 visit to the University of Tokyo 
during which the initial stages of this work were carried out. The third author thanks Narutaka 
Ozawa for helpful discussions on the subject. 



For a groupoid 5^ we denote the source and range maps by s and r, respectively, and write 
for the set of units of ^ . For a set A C '^^ we write for the subgroupoid of ^ consisting 
of all X € ^ such that s(x) G A and r(x) G A, with unit space A. 

A discrete measurable groupoid is a groupoid ^ with the structure of a standard Borel space 
such that is a Borel set, the source, range, multiplication, and inversion maps are all Borel, 
and s^^(x) is countable for every x G 

A probability-measure-preserving (p.m. p.) groupoid is a discrete measurable groupoid ^ paired 
with a Borel probability measure fi on '^^ such that 



for every Borel set i? C §f . The assignment of this common value to a Borel set B defines a 
£7- finite Borel measure on §^ which restricts to fi on W^. It will also be denoted by /x. When 
speaking about a p.m. p. groupoid (S^, fi) we will often simply write with the measure fj, being 
understood. 

Let , fj.) and (Jf , u) be p.m. p. groupoids. We say that ?^ and are isomorphic if there 
exist Borel sets A C and B C such that x{5~^{A)) and x{5~^{B)) have full measure in 
and Jif^, respectively, and a groupoid isomorphism (p : — J^b which is Borel and satisfies 
= u. 

In order to express the notion of a finite approximation to a p.m. p. groupoid (^, fi) that 
will be the basis of our definition of sofic dimension, we will think of in terms of its inverse 
semigroup % of partial isometries, defined as follows. Let B he a Borel subset of ^ such that 
the restrictions of s and x to B are injective. We obtain a partial isometry on L?'{^,ijl) by 



* G2,X) = s{Gi,X) + s{G2,X). 



2. Probability-measure-preserving groupoids 
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setting 

sbC{x)= / lB{xy)i{y~^) dii{y) 

for all € L^(?^,^). We then define as the collection of nonzero partial isometries which 
arise in this way. When convenient we will think of elements in themselves as characteristic 
functions on ^ which are identified if they agree //-almost everywhere. The collection % forms 
an inverse semigroup, where the inverse of an element s is its adjoint s*, and it is closed under 
taking sums of finitely many pairwise orthogonal elements. It is a subset of the von Neumann 
algebra VN(^) of ^, which can be defined as the weak operator closure of \x) as represented 

on Lp'i^^jj) via convolution given by 

r]*i{x)= / r]{xy)i{y~^)dii{y). 

One can show in fact that generates VN(^) as a von Neumann algebra. 

Write r for the normal trace on VN(^^) associated to /i and || • ||2 for the 2-norm a i— )■ r(a*a)"^/^ 
on VN(^). For elements a in L^{'^ , /x), and in particular for a in the linear span of the trace 
is given by 

r(a) = (al^o, l^o)i2(^^ „1 = / a*l^odfi= / a{x)dfi{x). 

We will be using the 2-norm to measure distances between elements of 
The three basic examples of p.m.p. groupoids are the following: 

(1) a countable discrete group G, in which case can be identified with G and the inverse 
of the inverse semigroup is the same as the group inverse, 

(2) a countable discrete group acting by measure-preserving transformations on a standard 
probability space, which reduces to the previous example when the space consists of a 
single point, and 

(3) a measure-preserving equivalence relation R on a standard probability space, in which 
case Ir is the collection of partial transformations (p with nonnull domain such that 

(x, ^(x)) G R for all x in the domain of ip, with two such partial transformations being 
identified if they agree on a subset which has full measure in the domain of each. 

We write Id for the inverse semigroup of all partial transformations of {!,..., d}. This 
is the inverse semigroup associated to the full equivalence relation {1,. . . ,d} x {1,. . . ,d} on 
{!,..., d}, which we view as a p.m.p. groupoid with respect to the uniform probability measure 
on {1, . . . , (i}. Wc thus view Ij both as the set of all partial transformations of {1, . . . ,d} and 
as the set of all partial permutation matrices in M^, i.e., partial isometries whose entries are all 
either or 1. The context will dictate which particular meaning is intended. We write Sd for the 
subset of Id consisting of all permutations of {1, . . . ,d}, which we also regard as permutation 
matrices in Md in accordance with our double interpretation of Id- For a finite set E we write 
Sym(ii^) for the set of all permutations of E. This will occasionally be convenient as a substitute 
for Sd when dealing with a d-element set that comes with a description other than {1, . . . , o?}. 

We write the unique tracial state on Md as tr, or sometimes tvd if there are matrix algebras 
of different dimensions at play. Note that for s € Id the square ||s||2 = tr(s*s) of the 2-norm is 
equal to 1/cZ times the cardinality of the domain of s as a partial transformation. Also, for any 
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s, t G /(i we have, writing ^i, • • • , for the standard basis vectors of and dom for domain, 

1 

\\s - t\\i = t{{s - tTis -t)) = - - oe„ {s - 

> i|{ce {!,..., : sc^tc}\ 

= -| (dom(s)Adom(t)) U {c € dom(s) fl dom(t) : sc / tc}\. 

This inequahty will be useful for example in the proof of Lemma l2.5[ In the case that s,t G Sd 
we have 

l|s ~ ^lli = ^ 1^*^ ^ {li • • • ) '^l '■ sc ^ tc}\. 

Given a p.m. p. groupoid ^ and a d G N, we wish to count the number of models of in I^. 
We do this by counting the number of approximately multiplicative maps Ic^ ^ Id- 

For a subset of we write 0* for {s* : s E 0,}. For n € N we write 0^" for the n-fold 
Cartesian product $7 x • • • x 17. This is to be distinguised from Q", which denotes the set of all 
products si - ■ ■ Sn where si, . . . , s„ G 17. We write [J7] for the linear span of J7 in L^(?^, /i). 

Let ^ and be p.m.p. groupoids. Let F be a finite subset of For an n G N and a S > 0, 
a linear map <p : [L^] — > [/jf ] is said to be {F, n, S)- approximately multiplicative if 

Wvisi ■■■Sn) - (p{si) ■ ■ ■ y?(s„)||2 < S 

for all (si, . . . , Sn) G F^". For d, n G N and a 5 > we define SA{F, n, 6, d) to be the set of all 
{F U F* L) {1}, n, (5)-approximately multiplicative unital linear maps (p : [%] — >• [Id] = Md such 
that (p{L^) C Id and |tr o 99(5) - r(s)| < 5 for all s G (F U F* U {!})". Note that such a map ip, 
being unital, satisfies 

W^isi ■■■Sk) - (p{si) ■ ■ ■ ^piSk)\\2 < <5 

for all A; = l,...,n and G (FUF*)^'=. 

Definition 2.1. The p.m.p. groupoid ^ is said to be sofic if for all finite sets F C 1^, n G N, 
and 6 > the set SA(F, n, 5, d) is nonempty for some d G N. 

Given sets F and A with F C A, a set Z, and a collection of maps A Z, we write 
l^^l^; for the cardinality of the sets of restrictions ip\E where 93 G Note that SA(F, n, 5, d) 5 
SA(F',n',y,d) and hence \SA{F,n,6,d)\E > \SA{F' ,n' ,5' ,d)\E' whenever F C F', n < n' , 
6 > 6' , and F and F' are subsets of % satisfying E ^ E' . 

Definition 2.2. Let 17 be a subset of F and F finite subsets of n G N, and 5 > 0. We 
set 

SEiF,n,6) = limsup / log |SA(F, n, (5, 
d-,00 dlogd 

SE{F,n) = inf S£;(F,n,5), 
(5>0 

S£;(F) = inf SEiF,n), 

n6N 

Sij(O) = inf se(F), 
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s{fl) = sup Se{^) 
E 

where F in the second last line and E in the last line both range over the finite subsets of ri. We 
similarly define SE{F,n,5), s^iF^n), Se{F), s^i^), and s{Q,) by replacing the limit supremum 
in the first line with a limit infimum. If SA{F, n, 6, d) is empty for all sufficiently large d we set 
se{F, n, 5) = — oo, and if SA(F, n, 5, d) is empty for arbitrarily large d we set s^{F, n, 5) = — oo. 

Note that if Q is finite in the above definition then the notation ssi^) is unambiguous since 
se{F') < se{F) whenever F and F' are finite subsets of /g? with F' ^ F. 

Definition 2.3. The sofic dimension s{'^) of ^ is defined as s{Icg), and the lower sofic dimension 
s(^) as s{Icf). 

It is clear that sofic dimension and lower sofic dimension are invariants for isomorphism of 
p.m. p. groupoids. 

For the remainder of the section will be an arbitrary p.m. p. groupoid. 

Given a finite set E Ic^, on the set of all unital linear maps from [/c^] to [1^] = we define 
the pseudometric 

pE{f,ip) =max||99(s) - i;{s)\\2. 

For e > write Ni;(-, p) for the maximal cardinality of an e-separated subset with respect to the 
pseudometric p. Note that No{SA{F,n,6,d), pe) = \SA{F,n,6,d)\E- 

Definition 2.4. Let E and F be finite subsets of 5^, n e N, and 6 > 0. We set 

SE,e{F,n,6) = limsup / log Ns{SA{F,n, 6, d), pe), 
d^oc dlogd 

SE,e{F,n) = inf SE,s{F,n,5). 
<5>0 

We similarly define ^{F, n, 6) and ^{F, n) by replacing the limit supremum in the first line 
with a limit infimum. If SA(F, n, 5, d) is empty for all sufficiently large d we set SE,e{F, n, 6) = 
— oo, and if SA(F, n, 6, d) is empty for arbitrarily large d we set Se si^", n, 6) = —oo. 

Lemma 2.5. For every k > there is an e > such that 

\{teld:\\t-s\\2<e}\<d^''. 

for a// d € N and s ^ Id- 
Proof. Let e > 0. Let d € N and s G Id- Given a t G Id have 

I 

\\s - > ^|{c G {1, . . . ,d} : sc / tc}\ 

and so if t satisfies ||s — t||2 < e then the cardinality of the set of all c G {1, . . . ,d} such that 
tc 7^ sc is at most e'^d. Consequently the set A of all t G Id such that ||t — s||2 < £ has cardinality 
at most {\^^2^^)d^^ '^J , which is less than d'^'^ for some k > depending on e but not on d with 
K as e — )• 0. □ 

Lemma 2.6. Let E be a finite subset of Let k > 0. Then there is an e > such that 
SEiF, n) < SE,e{P^ n) + K, and s^{F, n) < ^(-F, n) + k for all finite sets F Q Ic^ and n S N. 

Proof. This is a straightforward consequence of Lemma 12.51 □ 
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Given an C we write for the set of all elements in % which can be written as a finite 
sum of elements in Q. That is, is the set of all sums Yli=i where si, . . . , are elements 
of J7 with pairwise orthogonal domain projections and pairwise orthogonal range projections. 

Definition 2.7. A set J7 C is said to be generating if for every t E and e > there are 

an n G N and s G U 17*)") such that ||t - s||2 < e. 

Lemma 2.8. Let Q be a generating subset of Icf and L a finite subset of Icf. Let n G N and S > 0. 
Then there are a finite set F C fl^ anm gN, and an {L, n, S)- approximately multiplicative linear 
map 9 : [I^] [Ic^] such that e{L^) C I{{F U U {l})"*) and \\e{s) - s\\2 < S for all s G L". 

Proof. Without loss of generality, assume 1 G L. First we construct a finite set L d leg such that 

L" C /(L) and L is linearly independent as a subset of [/g?]. Take a finite measurable partition 
7 of such that the domain and range projection of every element of L" is a characteristic 
function of some union of members of Set L = {Igslp : s e L'^ and P,Q € 7}. Then 
L" C I{L), and L is linearly independent, as is easily seen. 

Let S' > he smaller than (5/(2 max(|L|, n)). Since O is generating, we can find a finite set 
F C Q and an m G N such that for every s G L there is an 9{s) G L{{F U F* U {l})™) with 
\\9{s) — s\\2 < 6' . Since L is linearly independent this defines a linear map ^ : [L] — >■ [/g?], and we 
can then take an arbitrary linear extension [7^] —> [7^], which we again denote by 6. Observe 
that since S' < S/\L\ and C 7(L) we have \\6{s) - s\\2 < S for all s G L'^. 

Finally, given (si, . . . , s„) G L^" we can write si • • • s„ as ^g^i 7sS for some 7^ G {0, 1} so 
that 

\\Oisi---Sn) - Si---Sn\\2 < ^ Ts\\Ois) - s\\2 < \L\5' 

and hence 

\\0{si---Sn)-9{si)---9{Sn)\\2 

< \\d{si---Sn) -Si-'-Snh 

n 

+ XI 11*1 ■ ■ ■ ■*»-llUII'*» ~ 0{Si)\\2\\9{Si+l) ■ ■ ■ 6'(Sn)||oo 
i=l 

< \L\5' + n5' < 6, 

showing that 9 is (L, n, 5)-approximately multiplicative. □ 

Lemma 2.9. Let 5 > 0. Then whenever v and w are elements of satisfying \\vwv — v\\2 < 6 
and \\wvw — w\\2 < 5 one has \\w — v*\\2 < 3(5. 

Proof. When acting on the Hilbert space L'^{'^,fj,), v and w are partial isometries and the 
four projections v*v, vv* , w*w and ww* commute with each other. Consider the projection 
r = v*v{l — w*w). If ^ G L'^{W,ij,) and = ^, then v*v$, = ^ and w$, = 0. Consequently, 
{wvw — v)^ = v$, and we get r < {wvw — v)*{wvw — v). This implies r(r) < — fi^vu;!!! < (5^ 
and 

||v(l-u;*u')||2 <(5. (1) 
On the other hand, consider the projection s = (1 — w*w)vv* . We have 

\\v*vwvv* — v*^2 = ^v*{vwv — 'u)'u*||2 < Wvwv — v\\2 < S (2) 
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If = ^, then vv*^ = ^ and = 0, so {v*vwvv* — v*)^ = v*^ and we get s < {v*vwvv* — 
v*)*{v*vwvv* — V*), which imphes r(s) < llf*^^^* — v*\\2 < S"^ and 

\\{l-w*w)v\\2 < 5. (3) 

Now similarly to ([2]), we get \\'w*'wv'w*w — w*\\2 < 6. Using this and and ([3]), we get 

\\v — 10*112 < 6 + \\v — 'w*wvw*w\\2 < 5 + 11(1 — 'w*w)v\\2 + \\w*wv{l — W*'w)\\2 < 35. 

□ 

Lemma 2.10. Let F be a finite subset of 'i§ with F* = F, n an integer greater than 2, 5 > 0, 
and (i G N. Let ip G SA{F,n,d,d). Then \\(p{s*) — ip{s)*\\2 < 35 for every s £ F. 

Proof. Let s (z F. Since n > 3 we have 

\\f{s)(p{s*)(p{s) - (p{s)\\2 = \\(p{s)ip{s*)(p{s) - (p{sS*s)\\2 < S 

and similarly \\ip{s*)ip{s)ip{s*) — ip{s*)\\2 < 6, so that — (/?(s)*||2 < 55 by Lemma [2^91 □ 

Theorem 2.11. Let Q be a generating subset of leg. Then s(^) = and s{'^^) = s{0,). 

Proof. The theorem is equivalent to the assertion that if T is another generating subset of 
leg then = s(T) and = s(T), and to verify this it suffices by symmetry to show 

that s{Q) < s{T) and s{0,) < s(T). We will establish the first of these inequalities, with the 
second following by the same argument with the limit supremum replaced everywhere by a limit 
infimum. In view of the definitions we may assume that 1 G 17* = $7 and 1 G T* = T. 

Let ii^ be a finite subset of fi. Let k > 0. By Lemma 12.61 there is an e > such that 
SE{F,n) < SE,£{F,n) + k for all finite sets F Q G and n G N. Since T is generating, we can 
find a finite set K Q T and an integer n > 1 such that for every s (z E there are js.t £ {0, 1} 
for which the element s = Xltexx" ^^-t* ^ I{K^) satisfies ||s — s||2 < e/16, where i means 
ti ■ ■ - tn for t = {ti, . . . ,tn). By increasing n if necessary we can find a finite set L C T satisfying 
1 G L* = L and K (1 L and a 5 > such that 

limsup— — -log \SML,n,5,d)\K < sx(T) + k. 
d^oo dlogd 

Choose a 6' > such that < e/8. Since is generating, by Lemma 12.81 we can find a 

finite set F ^ Q with 1 G -F* = -F, an m G N, and an (L, n, (5'/4)-approximately multiplicative 
linear map 6 : [%] ^ [%] with 0(L") C /(F"^) such that \\t - e{t)\\2 < 5' /2 for every t G L". 
Observe that for every s G -E we have, since C L", 

\\s-e{s)\\2<\\s-s\\2 + \\s-e{s)\\2<^+ 7s,tp-e(t)||2 < |, 

an estimate that will be used towards the end of the proof. 
Take a 6" > such that 

(i) |Fp"(l + n)(^" < 6'/2, and 

(ii) for every linear map (/3 from [F™'"] to a Hilbert space, if (/^(t)) — (s, t)| < (4+3mn)5" 
for all s,t G F"*" then \\ipif)\\2 < 2||/||2 for ah / G [F™"]. 

Let if G SA(F, 2mn, 5", d). Given s, t G F*"" and writing s — si • • • Smn and t — ti ■ ■ ■ tfjin where 
si, . . . , Smn, hi • • • ) ^ F, we havc, using Lemma [2. im 

Mtmnr---'Pitir-^{t*mn)---vitm2 
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i=l 

< 3mn5" 



< \\y:>{tl ■ ■ ■ tmn)* - ivih) ■ ■ ■ ^itmn))*\\2\\V>is)\\oo 

+ MtmnT ■ ■ ■ VihT - V?(Cn) • • • ^{tDhMs^oo 

+ Wfitmn) ■ ■ ■ fitl)\\oo\\f{si ■ ■ ■ Smn) " V'(si) ' ' ' ^{Smn)h 

+ Mtmn) ■ ■ ■ ^{t*lMsi) ■ ■ ■ V{Smn) - V{t* s)\\2 

< (3 + Zmn)5" 



and hence 



ms),^{t)) - {s,t)\ < ItrMt)V(s) - ip{t*s))\ + \tTocp{t*s)-T{t*s)\ 
< Mt)*ip{s) - ip{t*s)\\2 + S" < (4 + 3mn)d". 

It follows by our choice of 6" that \\ip{f)\\2 < 2||/||2 for all / G [F™"]. Write cp^ for ip o 9. 
We will show that tp^ G SA(L, n, S' , d). Let ti,. .. ,tn G L. For each z = 1, . . . , n we can write 
= X^seFX'" 7j,sS where 7i_s G {0, 1} and s means si • • • for s = (si, . . . , s^). For every 
k = l,... ,n and (si, ...,Sk) G (F™)^*^ we have, writing Sj = (sj^i, . . . ,Si^m), 



(fc^fc / k m \ k m 

n ^0 - n = n n ^^.^^ ) - n n ^^^^^^ 
i=l ^ i=l 2 \ j=i / j=i j=i 



+ 



nn^K.)-nHn 

i=l j=l i=l ^ j=l 

k I p— 1 m 



/V ^ — J- Hi Hi / ni \ 



n wn 



km y m \ 

< (1 + n)(5" 



so that 



\\mti)---0m-mti))---mtkm2 



i=l aeFX"* 



1=1 ^seFX"* 
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E 

(si,...,Sfc)e(FX'")xfc 



(ai,...,ak)e{FX"^)x>' 

< |Fr"(l + n)(5" 
5' 

< —. 

- 2 



1=1 ^ L ^i=l 

^1=1 ^ i=i 



Therefore 



y\h---tk)-ip\h)---ip\tk)\\2 

< M9iti---tk)-e{ti)---eitkm2 

+ y{e{h)---e{tk))-mh))---mtkm2 

<2\\e{h---tk)-e{h)---e{tk)\\2 + ^^ 
s' s' ^, 

Finally, for t E L'^ we can write 6{t) = ^g^pxm M,sS where Xt^a € {0; 1} and s means si - ■ ■ Sr 
for s = (si, . . . , Sm), so that 



At,s(tro(^(s) -r(s)) 



seF> 



< J2 \tr o ^{s) - t{s)\ < \FrS" < ^- 



and hence 



|tr o ip\t) - T{t)\ < |tr o ip{e{t)) - T{e{t))\ + \T{e{t) - 1)\ 
<^-^ + mt)-th<s'. 

Thus if^ G SA{L,n,6' ,d), as desired. 

Let r : SA{F,mn,5" ,d) SA{L,n,5' ,d) be the map (p (p'^. Pick an > such that 
2\L\"'ne' < e/A. Let Z be an e'-net in SA{L,n,6' ,d) with respect to pK of minimal cardi- 
nality. Each element of Z within distance e' to T{SA{F,nin,6" ,d)) we perturb to an element 
of r{SA{F,mn,d" ,d)) in order to construct a set Y C SA{F,mn,6" ,d) such that |y| < \Z\ 
and r(y) is a 2£'-net for r{SA{F,mn,6" ,d)) with respect to px- Let ip and V' be elements of 
SA{F,mn,S",d) with px((/;'l, V'') < 2e'. Then for t = {h, . . . G K^" we have, since K C L, 

\\p^{t) - i;\t)\\2 < \\p\h ■■■tn)- p\h) ■ ■ ■ 'p\h)\\2 

+ \\p\h)---p\tn)-ll^\h)---^\tn)\\2 
+ ||V'Htl)---VH*n)-V'H*l---in)l|2 
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< 2^' + ^ ll^^(si) ■ ■■i;\si-l)\\oo\\<p\ti) - i^\ti)\\2\\<p\si+l) ■ ■ ■ ip\sn) 



i=l 



< 2(5' + ne') 



and thus, for s & E, 



\<p\s)-4^\s)\\2 = 



< 



J2 XsAAi) - i^\t)) 
< Y y\i)-^\i)\\2 
<2\K\'{6' + ne') < | 



whence 



PEiv,^^) = max||(^(s) -^(s)||2 

s&E 

< max(||v9(s - emu + \\v>\s) - i;\~s)\\2 + Wms) - s)h) 

s&E 

< 4max lis - 6'(s)||2 + | 

seE 2 

< 4 h - = £. 

8 2 

Therefore Y is an e-net for SA(F, mn, 6" , d) with respect to p^, and so 

Ne{SA{F,mn,6",d),pE) < \Y\ < \Z\ < N,,{SA{L,n,6' ,d), px) < \SA{L,n,d,d)\K 
using the fact that 6' < 5. Consequently 

ssiP) < SE{F,mn) 

< SE,£iF, mn) + K 

< limsup— ^— log Ne{SA{F,mn,S",d), pe) + k 

d-^oo dlogd 

< Umsup — log |SA(L, n, S, d)\K + k 

d^oo dlogd 

< sk{T) + 2k< s(T) + 2k. 

Since E was an arbitrary finite subset of and k an arbitrary positive number, we conclude 
that s{n) < s(T). □ 

Definition 2.12. A set O C ^ is said to be approximation regular if s{^l) = s{^). We say that 
is approximation regular if s(^) = s{^). 



We round out this section by recording a few basic facts about sofic dimension. 
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Lemma 2.13. Let E and F he nonempty finite subsets of leg and let n € N. Consider a sequence 
1 < di < d2 < ■ ■ ■ of integers where linifc^oo dk+i/dk = 1- Then 

SE(F,n) = inf limsup-— —log\SA(F,n,6,dk)\E, 

s^{F,n) = inf liminf — —log\SA{F,n,6,dk)\E- 

5>o k—. 

In particular, for every £ £ N, 



1 

dk lo^ 


idk 


1 




dk log 


dk 


1 




^ idloi, 


rjd 


1 


1 


edlogid' 



SE{F,n) = inf limsup-— — log |SA(F, n, 5, ^(i)!^;, 

SE{F,n) = inf liminf / log |SA(F,n,(5,£d)b. 

Proof. For integers 1 < di < ^2, we have the inclusion 1^^ C /^^i as partial transformations of 
{1, . . . ,di} may be viewed as partial transformations of {1, . . . , ^2} which fix the points from 
di + 1 to ^2- It is easily seen that this results in an inclusion SA{F,n,6,di) C SA(F, n, 5', ^2), 
where 6' = 5'{di,d2) = 5+ {d2 — di)/d2- Thus, 6' ^ S if di and d2 are increasing without bound 
in such a way that d2/di 1. Moreover, if r = ^2/^1 then 

d2 log d2 log di + log r 
r- 



di log di log di 

so also this ratio tends to 1. This implies that for every 77 > 0, for all k large enough, and for 
every integer d with d^ < d < d^+i, we have 

^ \og\SA{F,n,6-rj,dk)\E < —^log\SA{F,n,S,d)\E 



dklogdk dlogd 

< 7^-^ log |SA(F, n,<5 + ry, 4+1) b 

dfc+i log dk+i 

and the lemma follows from this. □ 

A p.m. p. groupoid §f is said to have infinite classes if s~^({x}) is infinite (equivalently, r~^({x}) 
is infinite) for ^u-almost every x € 

Proposition 2.14. Suppose that the p.m. p. groupoid ^ is sofic and has infinite classes. Then 
si^) > 1. 

Proof. Let m and n be integers greater than 1 and let < e < 1/2. Since has infinite classes, 
the sets s~"'^(x) H {'^\'^^) and x~^{x) fl (^\'^^) are countably infinite for /^-almost every x G 
By a standard selection theorem |12i Thm. 18.10], as used in the proof of Theorem 1 in [8] in the 
equivalence relation setting, there exist a countable Borel partition of into sets on which the 
range and source maps are injective. Thus we can find disjoint Borel sets 5i, . . . , C ^ \ 
and a Borel set Y C '^^ with fi{Y) > 1 — e/2 such that 5|_b. and r|_B. are injective for every 
i = 1, . . . ,k and |s~^(x) fl Uf=i Bi\ > m for every x £ Y. For each i = 1, . . . ,k write Sj for 
the element of % defined by the characteristic function of Bi. Note that T(sj) = for every 
i = 1, . . . ,k. Set E = {si, . . . , s^, ly}. Take a finite set F C I(g with 1 G F* = F, an n G N, and 
a 5 > such that 

SE{F^) + e> limsup— log |SA(F, n, (5, ^d)!^. 



d log d 
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By shrinking 5 if necessary we may assume that it is sufficiently small as a function of e, m, and 
k for a purpose to be described in a moment. 

Since is sofic we can find an £ G N as large as we wish and a unital [F, n, (5)-approximately 
multiplicative linear map f : [/^] — >■ [le] such that '^{I<g) C and |tr^ o ip{s) — t{s)\ < 6 for 
all s E F"". Since T(sj) = for every i = 1, . . . ,k, T{SjSi) = for all distinct i,j G {!,... k}, 
and ly £ F,hy a straightforward approximation argument we can find, assuming 6 to be small 
enough as a function of e, m, and k, a set C C {1, ...,£} with tr£(lc) > 1 — e such that 

(1) Eti V>is*Si)lc > m • Ic in M,, 

(2) tre{ip{si)lc) = for alH = 1, . . . , fc, 

(3) tr£((/9(s*Si)lc) = for all distinct i,j G {1, . . . k}, and 

(4) ip{sj)*ip{si)c = ip{SjSi)c for all i,j G {1, . . . , A;} and c G C 

Decompose {1, ■ ■ ■ ,i} into subsets which are invariant under (p{si) for every i = 1, . . . ,k and 
are minimal with respect to this property. Write Ai, . . . , Ag for the members of this collection 
which have cardinality at least m. We claim that C C [J^^iAi. To verify this, let c G C 
and write / for the set of all i G {1, . . . , /c} such that the domain of the partial transformation 
(p{si) contains c. By condition (1) above, the set I has cardinality at least m. Now suppose 
that (p{si)c = (p{sj)c for some i,j G /. Then (p{s*Si)c = ip{sj)*ip{si)c = ip{sj)*ip{sj)c = c. It 
follows that i = j, for otherwise trrf((/?(s*Sj)lc) > 0, contradicting (3). We thereby deduce that 
CCUI.A,. 

Now let d G N. For each j = 0, . . . ,d - 1 define the bijection jj : {1, ...,£} ^ {ji + + 
2, . . . , j£ + i} by 7j(c) = j£ + c. Define a map ip : Ic^ ^ Igd by 

i^{s){je + c) = 7j o (p{s) o 7^~^(j£ + c) 

for s G G, j = 0, . . . ,d — 1, and c = !,...,£. Then ip is a unital (F, n, (5)-approximately 
multiplicative map such that Itr^^; o ip[s) — t{s)\ < 5 for all s G F". For each j = 0, . . . , d — 1 
and i = 1, . . . , k write Aj^i for the subset 7j(^j) of {1, ... , ^d}. Set A = Uj=o Ui=i 

Write rii for the cardinality of A^. Note that the number of ways of partitioning A into £k 
many subsets with cardinalities \Aj^i\ for i = 1, . . . , /c and j = 0, . . . ,d — 1 is bounded below by 

\A\\ 



ni\<^---nk\'^{dk)\ 

(the factor {dh)\ in the denominator accounts for the possible repetition of cardinalities among 
the subsets, yielding the exact formula in the extreme case that all of the subsets have the same 
cardinality). For each one of these partitions choose a permutation of {1, . . . ,£d} which sends 
each partition element to one of the Aj^i with the same cardinality. Write S for the collection of 
these permutations. Then the conjugates of ijj by the permutations in S, when restricted to E, 
are pairwise distinct by construction. It follows using Lemma l2.13l and Stirling's approximation 
that 

s(^) + e>SE{h) + e> lim sup log |SA(L, n, 5, £d)\E 

d^oo £d\og{£d) 
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1 , / ((1 
> lim sup — — T— - log — ; ^ 



> lim sup 

d—^oo 



_ J2i=i log i^i _ k\og{dk) 
^ i\og{ed) eiog{£d) 



I - £ 



>(l-e) 1-- 
\ m 

where we have assumed that £ was chosen sufficiently large as a function of k and m in order 
to guarantee the last inequality. Since £ was an arbitrary positive number and m an arbitrary 
integer greater than 1, we conclude that s{'^) > 1. □ 

Proposition 2.15. Let F he a finite subset of^. Then s{F) < \F\. 

Proof. For every n € N, (5 > 0, and d G N the number of restrictions a\Q where a € SA{F, 5, n, d) 
is at most (d!)''^', which for a given e > is less than for all sufficiently large d by 

Stirling's approximation, giving the result. □ 

Proposition [2TT5] immediately implies the following. 

Proposition 2.16. The quantity s{^) is bounded above by the smallest cardinality of a set of 
generators for ^ . 

3. Groups 

Throughout this section G is a countable discrete group. In this case Iq can be identified with 
G. We will simply record here some basic facts, and then discuss amalgamated free products 
and amenability in the next section. 

For the purpose of formulating sofic dimension in the case of groups it is equivalent and 
technically more convenient to work with maps into Sd instead of 1^, so that the sofic models 
for group elements are full permutation matrices. We will also write Gs instead of (j(s) for the 
image of an element s € G under a map a : G ^ S^- Given a finite set F G, n,d € N, and a 
6 > 0, we write GA{F, n, 6, d) for the set of all identity-preserving maps a : G ^ Sd such that 

(1) -a,i---cT,J|2 < 5 for ah (si,...s„) G (F U F* U {e})><", and 

(2) trd(a,) < 6 for ah s G (F U F* U {e})", 

For a finite set E C G we write \GA(F,n,5,d)\E for the cardinality of GA{F,n,S,d) modulo 
equality on F, i.e., the cardinality of the set of restrictions a\E where a £ GA(F,n,6,d). By 
a straightforward argument that uses Lemma 12.51 to handle the problem that the images of a 
group element under maps in SA(F, n, 5, d) need not have full domain and that also requires 
perturbing maps in SA(F, n, 5, d) so as to be identity-preserving, one can readily verify that 

SE{F,n) = inflimsup / log |GA(F, ra, (5, d)!^ 



and 

The following are special cases of Propositions 12.141 and 12. 16^ respectively. 



s_E{F,n) = inf liminf — log |GA(F, n, 5, d)!^;. 

<5>o d^oo a log a 
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Proposition 3.1. If G is sofic and infinite then s{G) > 1. 

Proposition 3.2. The quantity s{G) is bounded above by the smallest cardinality of a set of 
generators for G. 

Proposition 3.3. Let H be a finite index subgroup of G. Then 

{s{H)-l)<[G:H]{siG)~l). 

Proof. Set m = [G : H]. Take a set R of representatives for the left cosets of if in G with e & R. 
Define a map /9 : G — )■ i? by declaring P{s) to be the unique element in RD sH for every s E G. 
Then, given any s € G, writing /3{s){P{s)~^ s) gives a unique expression of s as a product of an 
element in R and an element of H. 

Let be a finite subset of G containing R. Let k > 0. Take a finite set K C H such that 
sk{H) > s{H) — K. Let F be a finite symmetric subset of G containing R, and let (5 > and 
n G N. Set L = Hn R-^FR. 

Let ra G N and 6 > 0, and let d G N. Let a G GA{L,n,6,d). Define a map lo : G ^ 
Sym({l, ... ,d} X R) hy setting 

u}sic,t) = (o-^(^t)-ist(c),/3(s«)) 

for all s G G and (c, t) £ {1, . . . ,d} x R. Now if (si, . . . , s„) G and (c, t) e {1, . . . ,d} x R 
then 

^si-Sr,,{c,t) = (cr^(si...s„t)-lsi-s„t(c),^(si • • • Snt)) 

and, using the fact that I3{rif}{r2)) = fi{r\r2) for all r\,r2 G G, 

'^si •••^s„(c,i) = (^(^nt^^(si...s„t)-isi/3(si+i...s„t))(c),/3(si •••s„t)^. 
Now for every t E R, the proportion of c G {1, . . . ,d} such that 

<^/3(si-s„t)-lsi-s„t(c) 7^ ( Yl(^0{si-s„t)-'^Si0{si+i-s„t)]{c) 

is equal to \(y fi{sx-s^t)-^sx-sr,t-Vu=\ f^/3(sr-s„t)-isi/3(si+i-s„t) Hi- Since /3(si • • • Snt)"^Si^(si+i • • • 
is an element of L for each i = 1, . . . , n, we infer that Hw^j • • • cJs„ — '^si - s„ lb < f^- If s = e, then 

is the identity permutation, as required. If s G F\{e}, then for t G R, either (i) /3{st) ^ t, in 
which case Ws(c, t) ^ (c, t) for every c, or (ii) f3{st) = t, in which case I3{st)^^st = t^^st ^ e, and 
the proportion of c for which LOs{c,t) = (c, t) is less than 6; in either case, we have |tr(a;5)| < 6. 
Therefore oj G GA(F, 6, n, md). 

Note that ujs{c,e) = {c,s) for every s G R. Write ^ for the collection of all colorings of 
{1, . . . ,md} into d different colors {!,..., d}, with exactly m elements of each color. Given 
P e ^ and c G {!,... ,d} write Pc for the set of elements with color c and choose a bijection 
7p : {1, . . . , d} X R ^ {!,••• such that 7p({(c, s) : ,s G R}) = Pc for each c = I, . . . ,d. 

Define ap : G — ?• Sym(m(i) by s i— > 7pa;s7p^; this is an element of GA{F,6,n,md) since uj is. 
We thus have a map {(t,P) i-> cp from GA(L, (5, n, d) x ^ to GA(F, 5, n, md). Observe that, 
given a p G GA(F, 5, ra, md), at most f^^'^j;^] many pairs (o", P) G GA(L,(5, n, d) x ^ can have 
image ap which agrees with p on since RC E. Indeed if ap\E and the d values Xc = 7p(c, e) 
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for c = 1, . . . , (i are specified, then the coloring P is determined by Pc = {(yp,s{xc) ■ s € R}. 
Since P is determined, we know jp and recover a. Thus, since ^^^f^^y. — ('^'^)'^! 

\GA{F,5,n,md)\E > j^\GA{L,5,n,d)\K = ', \GA{L,5,n,d)\K. 

Therefore, employing Lemma l2.13l and using Stirling's approximation, 

se(F) > Ihn sup ^ log ("^^)' + 

~ d-i-oo mdlogmd m\'^(mdY rn 

1 siH) K 

m m m 

Taking an infimum over all finite sets F Q G and letting k ^ 0, we obtain 

s{G) > se{G) >!-- + 

m m 

yielding the result. □ 
Question 3.4. When is the inequality in the above proposition an equality? 
Proposition 3.5. Suppose that G is finite. Then 

siG) = 1 - 

Proof. Applying Proposition 13.31 with H = {e} we obtain s{G) > 1 — since obviously 

s({e}) = 0. To complete the proof let us show that s{G) < 1 — IG*!"^. Set m = \G\. Let 
< K < 1 be small and let n € N and S > 0. Let d G N. It is readily seen that if n > 2 and 6 is 
small enough as a function of k and |G| then for every a G GA(G, 5, n, d) the set 

= {c € {1, . . . , d} : (Tst(c) = as{c7t{c)) for all s,t G G and as{c) 7^ c for all s € G \ {e}}. 

will have cardinality at least (1 — K)d. Observe that each of the sets can be partitioned 
into (T(G)-invariant subsets of cardinality m, on each of which a yields a transitive action of G 
(thus, a copy of G acting on itself by left multiplication). Let q be the smallest multiple of m 
which is no less than (1 — K)d. The number of subsets of {1, . . . , d} of cardinality q is at most 
(^) and the number of ways of partitioning each such subset into subsets of cardinality m is at 
most g!/((m!)'^/'"(g/m)!) and the number of ways G can act transitively on each of these sets is 
bounded above by ml. Since G can map to permutations on a set of cardinality at most Kd in 
at most ((kc?)!)"^ ways, we obtain 



m 



Using (1 — K,)d < q < {1 — K)d + m and applying Stirling's approximation, 

s(G) = sg(G) < SG{G,n,6) = limsup — ^— log |GA(G, 5, n, d)| < 1 - — + Km. 

dlogd m 

Since k was an arbitrary number in (0, 1) we conclude that s{G) < 1 — 1/m, as desired. □ 
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4. Free product groups with amalgamation over amenable subgroups 

We begin by establishing an upper bound for the sofic dimension of amalgamated free prod- 
ucts. Recall that Sd acts on the set of maps cr : G ^ 5^ by (7 • a)s = 71757"^. 

Lemma 4.1. Let Gi and G2 be countable discrete groups and H a common subgroup of Gi and 
G2 ■ Then 

s{Gi *H G2) < s{Gi) + s{G2) - 1 + 

Proof. Let k > 0. Since Gi U G2 generates Gi *h G2, by Theorem 12.111 there are nonempty finite 
sets El C Gi and E2 Q G2 such that s{Gi *h G2) < seiUE2{Gi *h G2) + k. Take nonempty 
finite sets Fi C Gi and F2 C G2 such that sex{Fi) < s{Gi) + k and sei{Fi) < 5(^2) + k. Note 
that, given d, n G N and 5 > 0, for every a G GA(Fi U F2, 6, n, d) we have (t|gi G GA(Fi, 5, n, d) 
and a\G2 £ GA(F2, 5, n, d). 

Suppose first that H is finite. We may assume that H C Ei and H C E2. As the proof of 
Proposition 13.51 demonstrates, for all sufficiently large d, given a cr € GA{Fi,6,n,d) the number 
of 7 G 5d for which (7 ■ cr)\H 7^ cr\H is at least d'^^^~^^^^^~'^^ for some r] > which does not 
depend on d with — )• as — )• 0. It follows that 

|GA(Fi U F2,5, n, d)\E,uE2 < |GA(Fi, <5, n, d)\E, |GA(F2, 6, n, d)!^^^"''^'"'/!''!^'^^. 
Consequently 

G2) < SE,UE2iFl U F2) + K 

<s(Gi) + s(G2) + 1--^ + 3k 

|ii I 

Since k was an arbitrary positive number this yields the desired inequality. 

Suppose now that H is infinite. Let e > 0. By an argument as in the proof of Proposition 12. 14] 
that produces a collection of sofic approximations on arbitrarily large finite sets by concatenating 
together sofic approximations on a fixed finite set and conjugating, we can find a finite set 
Hq C i?, an n G N, and a S such that, for all sufficiently large d, given a a € GA{Fi,n, 5, d) the 
number of restrictions of elements in 5^ • o" to Ho is at least Assuming that Hq C Ei 

and Hq C E2, this yields 

|GA(Fi U F2,n, 5, d)\E,uE2 < |GA(Fi, n, 6, d)\E, |GA(F2, n, 5, 

which again leads to the desired inequality. □ 

Our goal now is to establish the reverse inequality for lower sofic dimension under the as- 
sumption that the common subgroup is amenable (Lemma 14. 8p . 

The following is a perturbative version of the universal property for amalgamated free prod- 
ucts. 

Lemma 4.2. Let Gi and G2 be countable discrete groups and H a common subgroup. Let 
Fi C Gi and F2 C G2 be finite symmetric sets both containing e. Let n G N and 6 > 0. Then 
there are an m G N and an e > such that i/ d G N and a : Gi ^ Sd and co : G2 ^ Sd are 
identity-preserving maps satisfying 
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(1) ||cj, - iOsh < e for all s G n , 

(2) \\ast — 0"scri||2 < £ for all s,t ^ and 

(3) \\uJst — ^sWs|[2 < £ for all s,t G , 

then there is an identity-preserving map p : Gi *h G2 satisfying 

(4) \\ps - ash < ^ for all s G Fi, 

(5) \\ps — LOslh < S for all s G F2, and 

(6) \\ps-^-sr - Psi • ■■ Psrh < 6 for all r = 2, . . . ,n and si, . . . , G Fi U F2. 

Proof. Suppose to the contrary that no such m and e exist. We may assume that Gi is generated 
by Fi and G2 is generated by F2. Then for every A; G N we can find a G N and identity- 
preserving maps CTfc : Gi — )• Sd^. and Wfc : G2 — )• Sd^. such that \\ak,s — ^k,s\\2 < ^/k for all 
s G n \\ak,st - 0"fc,s0-fc,t||2 < l/k for all s,t G F^, and \\u}k,st - ^k,s^k,th < 1/^ for all 
s,t G F2 but there is no identity-preserving map p : Gi *h G2 —> Sd^. such that p\g^ = cjfc, 
p\g2 = ^k, and \\psi---sr - Psi - ■ ■ Psrh < (5 for all r = 2, . . . ,n and si, . . . , s,. G Fi U F2. Take a 
nonprincipal ultrafilter U on N. Write ^ for the normal subgroup of = Hfe^i ^d^, consisting 
of all sequences {gk)k such that liuik-^u \\gk — id||2 = 0. Let vr : — > j ,yY be the quotient map. 
Define a' : Gi — )• jV by cj^ = vr((crfc_s)fc) and to' : G2 ^ ^ by = vr((a;fc_s)fc). Then a' and bj' 
are homomorphisms since F\ and F2 are symmetric and both contain e, and they agree on H. 
It follows by the universal property of the amalgamated free product there is a homomorphism 
^ : Gi *H G2 jjy such that 7|gi = o"' and 7IG2 = w'. Choose a lift ^ : Gi *h G2 ^ 
of 7, which we may take to be identity-preserving. Then for some m G N the composition 
p = -Km ° 7, where iTm '■ ^ = Hfe^i '^dk ~^ '^dm is the projection, satisfies \\ps — o'm,s\\2 < ^ for all 
s G Fi, \\ps - ujm,s\\2 < ^ for all s G F2, and \\psi---sr - Psi ■ ■ ■ Psrh < 5 for all r = 2, . . . , n and 
si, . . . , £ Fi U F2, a contradiction. □ 

Next we record a special case of Lemma 4.5 of [13j, which is based on the quasitiling theorem 
of Orntein and Weiss [17j . For a finite set D and an e > 0, we say that a collection {Ai}i^j of 
subsets of D is e-disjoint if there exist pairwise disjoint sets Ai C Ai such that \Ai\ > (1 — e)|^j| 
for all z G /. 

Lemma 4.3. Let G be a countable discrete group. Let < e < 1. Then there are a fc G N and 
an rj > such that whenever e G Ti C r2 C • • • C Tfc are finite subsets of G with \{T~^'^Tj)\Tj\ < 
r]\Tj I for j = 2, . . . ,k there exists a finite set E (1 G containing e and a 5 > such that for every 
d G N and every map a : G ^ Sd satisfying \\ast — CsO"* II2 < ^ for all s,t £ E and tr((Js) < 6 for 
all s G E~'^E \ {e} there exist Ci, . . . , Cfc C y such that 

(1) for every j = 1, . . . , k and c & Cj, the map s i-> o"<j(c) from Tj to a{Tj)c is bijective, 

(2) the sets a{Ti)Gi, . . . , a{Tk)Gk are pairwise disjoint and the family [Jj=i{o'{Tj)c : c G Gj} 
is e-disjoint and (1 — e)-covers {1, . . . , d}. 

The following lemma allows us, up to a perturbation which is uniform over all group elements, 
to replace the quasitiling in Lemma 14.31 with a genuine tiling on which a given finite subset of 
G acts in a uniform way (condition (7) below) so that its commutant has a simple description. 
This will be useful in the proof of Lemma 14.81 

Lemma 4.4. Let G be a countable discrete group. Let F be a finite subset of G. Let e > 0. 
Then there are a A; G N and an rj > such that if we are given 
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(1) finite subsets e G Ti C T2 C • • • C of G with |(T^^^Tj) \Tj\ < r]\Tj\ for j = 2, . . . ,k 
and \FTjATj\ < i]\Tj\ for j = 1, . . . ,k, and 

(2) for each j = 1, . . . ,k and s & F a bijection S^j^s '■ Tj —?■ Tj such that '^j,s(t) = st whenever 
s G F andt£ s'^Tj nTj, 

then there exist a finite set E G containing e, an i € N, and a 6 > such that for all 
sufficiently large d £ N which each 0/ |Ti |, IT2I, . . . , \Tk\ divides there exist 

(3) a map h : {1, ...,£}—)• {1, . . . , k}, and 

(4) sets Ci, . . . ,Gi Q {1, . . . ,£d} for which |7)j(i)||Cj| = d for every i = 1, . . . ,i 

such that if a : G Sid is an identity-preserving map satisfying \\(Tst — (^s<^t\\2 < ^ for all s,t E 
and tr((Ts) < 5 for all s G E'^'^E \ {e} then there is a map a' : G ^ Sid for which the following 
hold: 

(5) there is a j £ Sid such that |[(T^ — (7 • cr)s\\2 < s for all s £ G, 

(6) for each i = !,...,£ the map {s, c) i-)- (t^(c) from Th(i) x Gi to {1, ... , id} is infective. 

(7) (Tg(T^(c) = 17^^^ J for every i = 1, . . . ,i and c G Gi, s £ F, and t G 

Lemma [4.41 can be derived from Lemma [4.31 as follows. Given Ti, . . . , depending on e as in 
Lemma 1331 let o" be a map of the kind which is guaranteed to exist by Lemma [4.3l for some finite 
set E ^ G and 5 > 0, with corresponding sets Gi, . . . ,Gk C V. By e-disjointness we can find 
pairwise disjoint subsets Aj^c ^ '^(Tj)c with \Aj^c\ > (1 — ^)\(^{Tj)c\ for j = 1, . . . /c and c £ Gj. 
Given a finite set F C. G, for each j = 1, . . . k and c G Gj write Bj^c for the set of all a G Aj^c 
such that, writing a = o"t(c) where t £Tj, we have 

(i) (TsCTt(c) G Aj^c for all s G F, and 

(ii) (Tst(c) = CTsatic) for all s G F. 

We then construct a perturbation a' of a by declaring a'^ for s G G to agree with as on Bj^c for 
all c G Gj and extending in an appropriate manner so as to satisfy (6) and (7), assuming the 
condition on d. One checks that if the sets Tj are sufficiently invariant under left translation by 
the elements of F, the e in Lemma [4. 31 small enough, the set E is chosen to contain F, and the 5 
is small enough, then the union of the sets Bj^c will, as a subset of {1, . . . , d}, have proportional 
size close enough to one so as to yield ||(Tg — (Js||2 < e for all s G G. The sets Gi, . . . ,Gk depend 
on a, but any fixed choice of these will work for some conjugate of each a in question, verifying 
(5). 

Lemma 4.5. For every e > we have 

lim min -^{{{U, V) e Sd x Sd : tr{UAV*) < e}\ = 1. 

Proof Let e > 0. Since the map {U, V) ^ V*U from Sd x Sd to Sd is dl-to-l and tr(;7^1^*) = 
ti{V*UA) for all A G Id, it is enough to prove that 

lim min h{U G Sd : ti{UA) < e}\ = 1. (*) 
d— i-oo AG/d a! 

Let Ae Id for some d G N. Take aW e Sd such that AW = AA* . U U e Sd satisfies tr{U) < e 
then, writing 61, . . . ,6d for the standard basis vectors of C^, 

tr{WUA) = tT{UAW) = tT{UAA*) 



20 KEN DYKEMA, DAVID KERR, AND MIKAEL PICHOT 

d , d 



i Y,{UA*A6k,6k) < ^ Y.{U5k,5u) = tr(C/) < e. 



d^' - d 

fc=l k=l 

Since the map U i— )■ WU is a bijection from Sd to itself, we obtain 

\{U e Sd : tviUA) < e}\ > \{U G : tr(C/) < e}|. 

Now it is well known that, for a fixed /c G N, the proportion of permutations of {1, . . . , d} which 
have exactly k fixed points tends to /kl as d — )• oo (see [19j, Chap. 3, Sect. 5). It follows that 
lim^^oo \{U£Sd: tr([/) < e}\/d] = 1, yielding (*). □ 

The following result is a standard sort of strengthening of Theorem 2.1 of |5j based on con- 
centration results of Gromov and Milman |10] . Let Cn > be the constant in Theorem 2.1 of 

Lemma 4.6. Let n, m G N and e > 0. For k = 1, . . . ,2n and d eN let A^j^^ G Id- Set 



n 



d,£ 



|?7 G 5rf : tT{A^f{UA^^^'^U*)Al^\uAf^U*) ■ ■ ■ 45-i(t^4J ^*)) 

< Cn max ti d{A^k^) +e\. 

l<fc<2n ^ « ^ J 

Then limrf^oo \^d,e\/dl = 1. 

Proof. From Theorem 2.1 of [5], we have 

i Y: tr{A['\uAi'^UnBi'\uAfun • • • C/*)) (*) 



for certain constants C„ and -D„ depending only on n. Note that 

< trd{Ai{UA2U*)Bs{UA^U*) ■ ■ • B2n-i{U A2nU*)) < 1 

for all U & Sd and all Aj G I^. Let f{d) = maxi<fc<2n tr(i(A[,'^-*). From (*) we get Ifirf^gl/d! > 
c fid)+2e ^'-'^ sufficiently large d. Since /(d) < 1 for all d, we infer that liminfrf_j.oo \^d,e\/dl > 
for all s > 0. 

Expressing the normalized Hamming distance 

hrd{\U-U*f) = ^\ 

in terms of the 2- norm and using the Cauchy-Schwarz and triangle inequalities, we find that 
for every 6 > there is an > such that Nrj{0,d^e) ^ ^d,e+s, where A^r?(') denotes the r/- 
neighbourhood with respect to normalized Hamming distance. Gromov and Milman observe in 
Remark 3.6 of [10] that results of Maurey [15] imply that the symmetric groups Sd equipped 
with normalized Hamming metrics and uniform probability measures form a Levy family as 
d — >• oo (see Chapter 7 of ^ISj). Therefore, liuid^oo \Nr^{^d,e)\/dl = 1 for all rj > 0, yielding the 
lemma. □ 



PdiU,U*) = -tTd{\U - U*\^) = -\\u - u*\\l 
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Lemma 4.7. Let n, m E N and e > 0. Let {Zi, . . . , Zi\ he a partition o/{l, . . . , m}. Then there 
is a 6 > Q such that the following holds. For d ^'H fix an identification of Mmd with Mm ^ 
which pairs off matrix units with tensors products of matrix units, and for each k = 1, . . . , 2n 
let A^^'^ be a partial permutation matrix in Mmd such that, writing A^^^ = YlTj=i ^ ^^klj ^ 
Mm ® M^ where the Eij are matrix units, one has 

max max tr^iA^^] J < 6. 
q=i,...,e {i,j)eZgxZg 

Write for the set of all permutation matrices in Mmd of the form Yli=i Pi^Vi ^ Mm <8) Md 
where Pi is the characteristic function of Zi viewed as a diagonal matrix in Mm ■ Set 

Then lim^^oo \'^d,s\l\^d\ = 1- 

Proof. Since the map {U.,V) i-> V*UV from J^'d x to ^d is |=^d|-to-l, it suffices to prove 
that the set 

Ad,e = \^iU,V) e^d^^d-- tTmdl^p_A^£_,{V*UVA^£iV*UVr)^ < e|. 

satisfies hm^_^oo |A-d.e|/|^dP = 1- Let 5 > 0, to be specified. Define h : {I,. . . ,m} {1, . . . ,£} 
so that i € Z^i-j for every i = 1, . . . ,m. Write for the set of all X]r=i Pr'^Vr^ such that 
tr(V/i(j)>l^'^]_^.y^*(^.p < for all = 1, . . . , 2n and i,j = l,...,m with h{i) / h{j). By multiple 
applications of Lemma 14.51 we infer that lim^^^j^oo I ^ I / 1 ^d 1 = 1- 

Let V = Prf^Vr € ^d- Write 3t:d,v for the set of all [/ G JT^ such that 



iTmd{\\VA^l,V*{UVA^yU*)\<e 



Let JJ = Pr®^r G 3>^dy- The (i,i) entry of JlLi in ^m(^rf) 

Mm ® Mfi is equal to the sum over all (ii, . . . , i^n-x) G {1, . . . , of the products 



n ^Mi2fc-2)^kU,i2fc-2,i2fc-l^Mi2fc-l)(^Mi2fc-l)^Mi2fc^ 

k=\ 



where = iin = Now given k G {!,..., 2n} and G {!,..., m}, if h{i) ^ h{j) then 
tr(V/i(j)>l^°']^V^*^.p < 6 since F G while if h{i) = h{j) then by hypothesis 

It follows by Lemma 14.61 that if 6 is small enough as a function of e, m, and n then setting 
^d,V,e = |c/ G JTy : tr^^ f[ 1^41-1^* (^^^4?^*^*)) < 
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we have limd^ooT^^^ve3^J^d,v,e\/\^d\ = 1- Since [Jv&yA^^'^') ■ ^ ^ ^rf.v.e} is contained 
in Ad^e and linifi^^ \'^d\/\^d\ = 1 from above, we conclude that hm^_j.oo = 1, as 

desired. □ 

Recah that for sets W X and Z and a collection ^ of maps from X to Z we write \'3^\w 
for the cardinality of the the set of restrictions of elements of to W^. 

Lemma 4.8. Let G\ and G2 be countable discrete groups with common amenable subgroup H . 
Then 

s{Gi *H G2) > s{Gi) + s{G2) - 1 + 

Proof. Let r/ > 0. Then there exist finite sets Ei C Gi and E2 ^ G2 such that s^^{Gi) > 
s{Gi) — rj and s^^ (G2) > 5(^2) — r]. Since Gi U G2 generates Gi *h G2, by Theorem 12. Ill we can 
find a finite symmetric sets Fi C Gi and F2 C G2 each containing e such that s^-^^^j^^ {Gi *// G2) > 
Sg^ug^l-^i U -^2) — V- We may assume that E2 C F2. 

Let S > and let n be an integer greater than 2. By Lemma l4 . 2 1 there are an integer M > n 
and a 6' > such that if d G N and a : Gi — >■ 5^ and u : G2 ^ are identity-preserving 
maps satisfying cJs = a;<i for all s G F*^ n F^, || — (TsCTt II2 < (J' for all s,t G F/^, and 
||a;<jf — a;sCL!t||2 < 6' for all s,t G F^^, then there is an identity-preserving map p : Gi *h G2 ^ 
Sd for which \\ps — a's\\2 < 5/4n for all s G F", \\ps — w^lb < 5/4n for all s G F|*, and 
\\psi-sr - Psi ■ ■■ Psrh < ^/^ for ah T = 2 , . . . , TO and si, . . . ,Sr G Ff U F^. 

Set F = (Ff ^Fi)^'^ n (F2"^F2)^, which is a subset of H. Let e > 0, to be determined below. 
Since H is amenable, Lemma 14.41 shows that we can find finite subsets e G Ti C r2 C • • • C 
of H, a finite set K C H containing T^, an £ G N, and an > such that, choosing for each 
j = 1, . . . ,k and s G F a bijection S^j^g : Tj — )• Tj such that £,j,sit) = st whenever s G F and 
t G s~^Tj r\Tj, for all sufficiently large m G N which each of |Ti|, |r2|, . . . , IT^I divides there exist 

(i) a map /i : {1, . . . , ^} — )• {1, . . . , A;}, and 

(ii) sets Ci, . . . , C {1, . . . ,^m} for which |F'^(j)||Cj| = m for every i = 1, . . . ,£ 

such that if a is an identity-preserving map from some group Gq containing H to Sim satisfying 
\\ast — o's(Tt\\2 < f] for all s,t G K and tv£m{o's) < V for all s G K~^K \ {e} then there is a map 
cj' : Go — )• satisfying the following: 

(iii) there is a G Sim such that ||o"^ — iW ■ ct)^ II2 < e for a\\ s ^ H and fi^ = iW ■ a)s 
for all s G Go \ -H^ (this last condition can be achieved by simply defining a' this way 
on Gq \ H after initially obtaining a' on H from Lemma 14.41 ^-s this won't affect the 
following conditions (iv) and (v)), 

(iv) for each i = 1, . . . ,i the map (s, c) i-)- (t^(c) from T^^i) x Ci to {!,..., ^m} is injective, 

(v) o-scr^c) = ^(i)(c) for alH = 1, . . . , ^, c G Gi, s G F, and t G r;,(i). 

As we indicated before Lemma 14.41 tf^s reason for using the maps ^j^s to obtain condition (v) is 
to ensure that the commutant of the matrices a'g for s G F has a certain simple structure. We 
may assume that \Tj\ divides \Tk\ for each j = 2, . . . ,k, for if H is infinite then we can take 
to have cardinality much larger than |rfc_i| and then adding to it at most |ri| • • • |rfc_i| extra 
arbitrary elements of H, which will have negligible effect on the approximate invariance, while 
if H is finite then we may simply assume that k = 1 and Ti = H. Set Nj = \Tj\ for j = 1, . . . ,k 
and N = Nk- 
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Let S" be a positive number less than 6'/{2£N) to be further specified. Let 6"' be a positive 
number less than £N6" /2 and tj, to be further specified. Let h and Ci, . . . , be as in (i) and 
(ii) above with the m there taken to be Nd for a given d G N which is sufficiently large. For 
economy write Li for (Ff ^Fi)^ U K and L2 for {F^^F2)^^ U K. Write ^1 for the set of all 
a € SA(Li, n, 5"' , iNd) for which there exists aWG SiNd such that, setting a = W ■ a, 

(1) for each i = 1, . . . ,i the map (s, c) i-)- i5"s(c) from T/^^j) x Cj to {1, . . . , iNd} is injective, 

(2) (7sat(c) = o-g,^(,)^(t)(c) for alH = 1, c G Ci, s G F, and t € T;,(i). 

Write for the set of all a G SA{L2,n,5"' ,iNd) satisfying the same property. Now if e 
is small enough as a function of 5', \F\, and n then, by a simple approximation argument, 
given a CJ € SA{Li,n,6"' /2,£Nd) any other map cr' : Gi — )• S^at^ satisfying \\ag — cTsIb < e 
for all s (z Li will lie in SA(Li,n,6"' ,iNd). It follows by Lemma 12.51 and our invocation of 
Lemma 14.41 above that there is a k > not depending on d with k ^ as e — )• such 
that |^^i|_Bi > d~'^'^\SA{Li,n,6"' /2,£Nd)\Ei- By the same argument we may also assume that 
> d-'^''\SA{L2,n,5"'/2,md)\E,. 
Let a (z "3^1 and uj G By relabeling the elements of {1, . . . ,£Nd} we may assume for 
notational simplicity that 

(1) for each i = 1, . . . ,£ the map (s, c) 1-^ o"s(c) from r/j(j) x Cj to {1, . . . , iNd} is injective, 

(2) as(Tt{c) = o-5^„,,(t)(c) for alH = 1, . . . c G Cj, s E F, and t € r;i(j). 

Then we can find aW£ SiNd such that W ■ uj satisfies the same above two conditions as a. Set 
Lo' = W ■ u) & '3^2- Note in particular that uj'\f = cr\F. 

For i = !,...,£, write Ai for the set a{T}^(^i'^)Ci = cj(T^(j))(7j, which has cardinality Nd. We 
identify the subalgebra 'S>{i'^{Ai)) ^ M^d of . . . ,£Nd})) ^ M^^vd with S(£2(r^(.^)) ^ 

S(£^(Cj)) = Mtv^j.j Mj^^ij^^^.^ in a way such that the elements uj'g for s G F are of the form 
U®\. Fix an identification Mj^^/jy^^.^ = Mj\i/j^^^_^^ ®M(i under which matrix units pair with tensor 
products of matrix units. This gives us an identification = Mjy^^^^ (gi M^v/at^^-j (8) M^. 

Writing Pi for the characteristic function of Ai viewed as a diagonal matrix in Mi^^d, for t G 
(F" U F^*) \H we express PiCrtPi (in the case t G Gi) or PiUj[Pi (in the case t G G2) as 

where the Fa^;, and Ep^g are matrix units. Write for the set of all U G S^at^ of the form 

Yli=i Spii -fj "SD Fp^p (g) C/j,p,p. 

Let t G (Ff UF2")\iJ, i G {1, . . . ,£}, andp G {1, . . . N/N^ii)}, and let a, 6 be distinct elements 

of T^iy We will verify that trd(^/a f,pp) < Suppose first that t G Fi\H. Since (T6(Jq-i sends 
(^a{Ci) to (Tf,(Cj), writing Q for the projection Ff,^b (g) Fp^p (g) 1^,/^ we see that 

^^6,6 «) Fp,p (g = CTfcCJ^-i (F^^fe (g Fp,p (g ^i2fe,p,p) = QcTbCTa-icrtQ 

Also, since o" G SA(Fi, n, (5'", ^A^d), r^(j) C Li, t G Li, and n > 3, we have \\(yba-^t~'^b(^a-^^t\\2 < 
5"' . Since Q(Tba-^tQ = -^p,p ® ^/blpp ' follows that if 5"' small enough, independently 

of d, then we will have IlK-^t'l J"! — V^^] 1^ „ „IIm^ 2 < £N5" . Next note that cr, being an element of 
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SA{Li,n,6"' ,£Nd), satisfies tr£jvd(crb„-i J < 6"', since b,a ^ Li, n > 3, and ba ^ e (as 
ba~^ E H and t ^ /f). Consequently 

^'■d\^i,a,b,p,pl — ^''d.\^i,b,b,p,p ) \\^i,b,b,p,p ^ i,a,b,p,p\\^U,'i 

< £Ntrmd{(rba-H) + iN6" < £N6"' + ^ < . 

By a similar argument using uj', we may also arrange, by taking 6" smaller if necessary, that 
^^d{Viabpp) ^ ^' case that t € F2 \ H. It follows by Lemma [4. 71 that if 6' is small enough 

then for all sufficiently large d the set Td,a,u},w of all U £ St^d such that 

^^Uf{A^UuAfM)<{ (t) 

for all ^1, . . . ,^2n G {cT^ : s G \{e}}U{w^ : s G F'^'Me}} satisfies limd_,oo |Td,^,u;,H^|/|^d| = 1 
where the convergence is uniform with respect to a, u, and W . Take such a U and set a;" = U -uj' . 
By condition (v) above as it applies to w', for every s £ F the matrix commutes with U and 
hence uj" = uj'g. 

Now by our application of Lemma 14.21 at the beginning of the proof there exists an identity- 
preserving map : Gi*hG2 — ?• 5d such that 110^— <7s||2 < (^/4n for alls S 11$!^— w^'lb < 
for ah s G F2, and HOsj-..^^ — fi^i • • • ^^sr II2 < (^/4 for ah r = 1, . . . , n and si, . . . ,Sr G FfUFg". Let 
us verify that 17^ belongs to SA(FiU-F2) INd). We need only check that 17^ has trace less than 
5 when s is a word in Fi U F2 of length at most n which does not equal e. Given r G {1, . . . ,n} 
and si, . . . , Sr G FiU F2 and supposing that si • • • s^. 7^ e, we can write si • • • = ti • • • t„ where 
V < r and ii, . . . , alternate membership in F" \ {e} and \ {e}. Writing pt^ = at^ if ti G Fi 
and pt^ = uj'/_ if tj G F2 , we have 

II^Sl---Sr ~ Ptl' ■ ■ PU II2 < — ^tl ■ ■ ■ II2 

V 

+ ^\\pti--- Pu^A^u - Pu)^u+^ ■ ■ ■ ^tA2 

i=l 

<-+> W^t- - Pt-\\2 < - + n ■ — <- 

and thus, using the estimate tr(pt^ ■ ■ ■ < provided by (f), 

tr(Qsi---sJ < tr(/)ti • • • /Ot J + - /Oil • • • Pt. II2 < 

Therefore G SA(Fi U F2, n, (5, £iV(i), as desired. 

We finish the proof with the following counting argument. Note that Vt was obtained by 
amalgamating perturbations of a and uj" , where the latter was obtained from uj by conjugating 
by W and then by U . Let 7 > 0. The set 0^ of all W that could have done the required job has 
cardinality at least Y^j=i{Nd/Njy}^ which is at least d!^, which for all sufficiently large d 
is at least d^'^^^~^\ For all d larger than some do not depending on a, u, or W, the set Tii,a,u),w 
of all U that do the required job for a given W has cardinality at least |.f?^|/2. Set 
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Taking a set 0^ of representatives for the orbits of the action of on by left multiphcation 
and writing 7w for the set of all U G such that UW = W, we have 

<2 \'^d,a„co,wW\<2\Ad,a^^^\. 

Therefore, writing S for the set of all U £ SiNd such that {U ■ ijj)\e2 = ^\e2 and assuming d is 
large enough, 

,^ I l^^^dl ^ (^iVd)^^'^(i+^) \Qd\ 

\jeNd ■ W|e2 — — TTj — S 



|S| - |S| dMi-7) 



|S| 

Let ^ he a set of representatives for the orbits of the action of SgNd on '3^2 modulo the relation 
of equality on E2. Then \'3^2\e2 = \ SeNd ■ ^\e2- Since E2 ^ by Lemma [231 we see that 

if 5 is small enough independently of d then, modulo the relation of equality on i?2) at most 
^If^dY^Nd j^j^^y w G ^2 which all differ on E2 can lead via our procedure to maps $7 which all 
agree on EiL) £2- Taking a set of representatives for the relation on given by equality on 
El, we therefore obtain, for all sufficiently large d, 

\SA{FiUF2,n,S,md)\E,uE2 

= i {iNd) d^dii-y) I I ^ J ^2 1 

> i(£Ard)-^^'^(i+T+=''^)d^'^(i-^) |SA(Li, n, 6"' /2, lNd)\E, |SA(L2, n, 6"' /2, lNd)\E2 
and hence, in view of Lemma |2.13| 

+ 'sis' SvdI»|S^(^- *"'/2.<iV.)k, - 1 + i(l - ,) - , - 3. 

> S£,(il) + S£,(i2) - 1 + ^(1 - 7) - 7 - 3k. 



26 



KEN DYKEMA, DAVID KERR, AND MIKAEL PICHOT 



Since n was an arbitary postive integer, k and 7 can be taken arbitrarily small, and \H\ > \Tk\ 
N, it follows that s^-i^u^^lFi U F2) > s^j^{Li) + s^^{L2) — 1 + l^^l""*^ and hence 

s{Gi *H G2) > SE^uE2iGl *H G2) 

>se,ue,{Fi^F2)-v 

1 

1^1 



>SE^{Gi) + SE^{G2)-l + j^-r] 



>s(Gi) + s(G2)-l + ^-3r?. 

Since rj was an arbitrary positive number we thereby obtain the result. □ 

Remark 4.9. Lemma [4.81 iii conjunction with Propositions 13 . 1 1 and 13 . 5| gives a free probability 
proof that Gi *h G2 is sofic whenever Gi and G2 are sofic countable discrete groups with common 
amenable subgroup H. This fact was established for monotileable H in \5\ using similar free 
probability arguments, and in general in ^ by means of graph techniques and in [18j using 
Bernoulli shifts and equivalence relations. 

Combining Lemmas 14.11 and 14.81 we obtain the following. 

Theorem 4.10. Let Gi and G2 be countable discrete groups with common amenable subgroup 
H. Suppose that Gi and G2 are approximation regular. Then Gi *h G2 is approximation regular 
and 

siGi *H G2) = s{Gi) + s(G2) - 1 + 
Corollary 4.11. Lei r € N U {00}. Then s{Fr) = s{Fr) = r. 

Proof. If r < 00 then we can repeatedly apply Theorem l4. 101 using the fact that = s(Z) = 1, 
which one can either compute directly or obtain from Theorem 14.121 below. Consider then the 
case r = 00. Let si,S2,... be the standard generators for F^o- Then, in the spirit of the 
proof of Lemma 14. 7[ for positive integers n < m one can show by repeated application of 
Lemma 14.61 that a random choice of m permutations of a finite set {1,. . . ,d} will, with high 
probability, be a good sofic model for G up to within some prescribed precision. This will 
demonstrate that S{si,...,s„}({si, . . . , Sm}) = n and hence s^si,...,sn}iFoo) = n, so that s(-Foo) = 00 
by TheoremETH ' ' " ' ' " □ 

Theorem 4.12. Suppose that G is amenable. Then s{G) = s{G) = 1 — 

Proof. By Proposition 13.51 we may assume that G is infinite. Then by Proposition 12. 141 we have 
s{G) > s{G) > 1. On the other hand, taking Gi, G2, and H in Lemma 14.81 to be all equal to G 
yields s(G) < 1. □ 

The above theorem shows that all subsets of an amenable group are approximation regular, 
since amenability passes to subgroups. 

5. Group actions 

Throughout this section and the next G denotes a countable discrete group and {X, fi) a 
standard probability space, which are arbitrary unless otherwise specified. Let a a measure- 
preserving action of G on {X,fi). The notation a will actually be reserved for the induced 
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action of G on L'^{X,ij.), so that as{f)ix) = f{s~^x) for s G G, / G L°°{X,ii), and x G X, 
with concatenation being used for the action on X. For a set of projections 7 C L°°{X,iJ,) 
and a nonempty finite set F C G, wc write for the set of the projections of the form 
Y\seF '^siPs) where ps G IP. We say that a subset $7 of L°°{X,iJ,) is dynamically generating if the 
set UseG{"s(^) : a G f^} generates L°°{X,ijl) as a von Neumann algebra. In the case that O is 
a partition of unity consisting of projections this is the same as the underlying partition of X 
being generating for the action. 

We write s(G, X) for s(G, X) for s(S^), and Iq.x for where ^ is the p.m.p. groupoid 

associated to the action. For a group element s we write Ug for the corresponding element in 
Ig,x- We say that the action is approximation regular if s{S^X) = s{G,X). 

For the purpose of working with s(G, X) and s{G, X) it is often more convenient to handle the 
group and space components separately as follows. Let a be a map from G to Sd for some cZ G N. 
The image as of a group element ,s under a will usually be interpreted as a permutation matrix in 
Md- Viewed as such, 0"^ gives rise to an automorphism Adds of as identified with the algebra 
diag(M(i) of diagonal matrices in M^,. Let F be a nonempty finite subset of G and S > 0. 
Recall from the previous section that GA{F,n,6,d) denotes the set of all identity-preserving 
maps a : G Sd such that \\<Ts^,...,sn - o'si ■■■(^s„\\2 < ^ for all G (F U F* U {e})^" 

and tr((Ts) < S for all s G (F U F* U {e})". Let T be a finite set of projections in L°°{X,fi). 
Write HA(F, 7, n, 5, d) for the set of all pairs {a, (p) where a G GA(F, n, 6, d) and is a unital 
homomorphism from span(J'irn) to = d\&g{Md) satisfying 

(i) |tr o ip{p) - ^{p)\ < S for ah p G 5'(FuF*u{e})'M 

(ii) \\f o as{p) -Adaso ip{p)\\2 < S for all p G ^ and .s G (F U F* U {e})''. 

Given sets Ai, A2, Bi, B2, Zi, Z2 and a collection '3^ of ordered pairs consisting of maps Ai Z\ 
and A2 — >■ Z2^ we write \^\bx,B2 for the cardinality of the set of pairs (a\BxnA\^^\B-2nA-2) where 
(cr, if) G For a finite set F C G and a finite set Q of projections in L°°(X, [i) we set 

se,q(^, f^) = lim sup / log |HA(F, CP, n, (5, £i)|E,Q, 
d^oo « iog d 

se,q(-^, ra) = inf S£;,q(F, n, (5), 

o>0 

S£;,Q(i^,J') = inf Ss,Q(F,a',n). 



and 



Se,q(F, y, n, ,5) = hminf — i- log |HA(F, n, 5, d)|^;,Q, 
' d-5>oo a logo 

(F,y,n) = inf i£,g(F,y,n,<^), 
lE,Q(^,y)= infis,Q(F,?,n). 
A simple approximation argument shows the following. 

Proposition 5.1. LetE,F C G be finite sets and let Q be a finite set of projections in L°°{X, n). 
Let y be a finite partition of unity in L°° {X, /j,) consisting of projections. Then the set IP of all 
projections in the * -subalgebra spanned by "P satisfies 

SE,Q(F,?) = SB,Q(F,a'). 
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Proposition 5.2. Let F be a finite symmetric subset of G containing e and let 7 he a set 
consisting of the projections in some finite- dimensional unital * -subalgebra A ofL°°{X,iJ,). Let 
E be a finite subset ofG and Q a subset of?. Then sbuqI-^U?) = se q{F, CP) and SEuQiFW?) = 

Proof First we show that seuq{F U > se,q{F, T) and s^yjaiF U T) > s^^q{F, T). Let n e N 
and 6>0. Let 5' > be such that 3n6' < 5. Let d G N. Let {a, (p) € HA(F, n, 6',d). Write ? 
for the subset of 7 consisting of the minimal projections of A. Define a map ^a,<fi • % ~^ -^d by 
setting ^a.ipipug) = <p{p)o's for all p ^?f" and s e G, extending Unearly, and then extending 
arbitrarily to all of Ic^. Note in particular that <I> 0-^(^(1) = 1 since a is identity-preserving and ip 
is unital. We wih show that e SA(F U T, n, 6, d). 
Let pi, . . .pn G 7 and si, . . . € F. Then 

(n \ n 

i=l ^ i=l 

and so by untelescoping to estimate the difference of products we obtain 
vlYlas,...s,_^{Pi)] - lYl^iPi)(^si](ri^---(Tsi^ 

n 

< X] {yio^si-si.M) - Adas^...s,_ii<piPi))h 

i=2 

+ ||(Ad(T5i...5,_i - Ado-si •••(T5,_J(v?(pi))||2) 

n 

< {n-l)S' + 2j2\Ws 

i=2 

< 3(n - 1)S'. 

Since Ud^iPiUsi = (IliLi (]3j))^^si-^i„, it follows that 



Up. 

1=1 



i=l 

(n \ n 

n "Sl-Si-I {Pi) ) CTs^.-Sr, - n ^iPi)'^Si 

A JJasi...si_ife) J(o-si...s„ -a^i •••o-s„) 



+ 



i=l 



APi, 



n . 

n "^^ViYs, J • • • (y'l 



■ (Tsn h + 3(n - 1)<5' < (3n - 2)6' < S. 
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Since 1 € and e £ F this shows that \\^a,ip{ci'i ■ ■ ■ o-n) — ^a,ip{cLi) ■ ■ ■ ^a,ifian)\\ < ^ for all 
(ai, . . . , On) G (F U y)^". Note also that if si ••• Sn = e then, since YVi=i asi---Si-i(Pi) £ J'^n, 



< 5' < 5, 



while if si • • • s„ 7^ e then 

< tr(cjs,...sj < < 8. 

Since 1 G CP and e £ F, this shows that |tr o <l>a,<^(a) - r(a)| < 5 for all a G (F U J)^". We 
have thus verified that ^a,ip £ SA(F U 7, n, 6, d). Since for any {a, (/?), (w, V') G HA(F, CP, n, (^', d) 
such that (cris, V'Iq) ^-i^d {lu\e,iP\q) are distinct the restrictions of <l>o-,(^ and to F U Q are 

distinct, it follows that 

\SA{FU'J>,n,6,d)\EuQ > m{F,'J>,n,6',d)\E,Q, 

from which we infer that seuq{F U?) > se,q{F, CP) and Seuq{F U CP) > Se^q{F, CP). 

To prove the reverse inequalities, let n G N, and let m be an integer larger than Gl-F"!- Let 
6' be a positive number smaller than d/{5 + 4n), 5/(2|CP|l'^l'"), and (5/48, to be further specified. 
Let d G N. Let ^ G SA{F Li 7,m,6' ,d). Let be a enumeration of the elements of 

F", for the purpose of indexing noncommutative products below. Given a p G CPj^n, writing 
p = Y[i=i '^SiPsiUg. where the ps^ are projections in CP, we have by Lemma 12.101 

k k 

n^«r^(psj*^K)*-n^K)^fej^«j 



i=l 



1=1 



< 



(||$«)* - ^usM2 + IMpsX - HpsM2 + WHusX - HKJh) 



i=l 



< 9|F"|5' 

and thus, using the fact that m > 6|-F"| 

\Mpr<^{p)-^p)\\2 



(1) 



< 



+ 



+ 



+ 



i=l ^ 

k k 

n ^«)*$fej*^(n.j* - n ^K)^(p.,)^K) ) ^(p) 

k \ / k 

n <i>K)<i>(p.j^«) ) ( ^{p) - n ^{u,:)^{p,,)^[ 



i=\ 
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< (3 + 9|F"|)5'. 

For p,q & we have, by a similar estimate again using the fact that m > 6\F^\, 

\mpq)-Hp)Hq)h<3S'. (2) 

Pick a pq G Vf"-- Since ^{p)*^{p) is a projection in diag(M^) for every p G Vf", it follows from 
(1) and (2) and a straightforward perturbation argument that we can find pairwise orthogonal 
projections ip^{p) G = diag(Mrf) for p G \ {po} such that \\ip^{p) — ^{p)\\2 is as small as 
we wish for every p G Vp^^ \ {po} granted that 5' is taken small enough. Setting (p^{po) = 1 — 
^p€9pn\{po} ^^(p) extending linearly we obtain a unital homomorphism 93$ : span(J'i;'n) 
C^, and by taking 6' small enough we can ensure that ||93<i>(p) — <l*(p)||2 < 6/{3n) for every 
projection p in the linear span of Tj^m. For s G -F" \ {e} the partial isometry ^{us) satisfies 
||$(n*) - ^{us)*\\2 < 3(5' by Lemma [2?T0] and hence 

\mu,r^us) - 1112 < ii(^(n.)* - $«))^.K)ii2 + muD^us) - huIus)\\2 

< 45', 

which means that we can construct a permutation matrix a^^s £ 5'^ such that — $(tis)||2 < 
4(5'. For all other s G G we set a^^s = 1, giving us a map (T$ : G — )• Sd- For all (si, . . . , s„) € 
we have 

lk*,si-s„ - C^<I>,si • • • cr<5>,s„ II2 

in)l|2 

)-$KJ...$(n,J||2 









+ 


m 


■Usi • • • 




n 




+ 


E 











< (5 + 4n)(5' < 6 

while for s G F"' \{e} we have 

tr(cr$,s) = tr((T$,s - ^{us)) +tv{^{us)) < 55' < 6, 

so that (7$ G GA(F, n, (5, d). 

Let p G Tf". Since Tf" Q {F U T)™ we have 

[tr o ip^{p) - fi{p)\ < \tT{(p^{p) - + |tr o - t{p)\ 

6 6 

< \\ip^{p) - $(p)||2 + 5' <- + - = 6. 
Note also that for p G J* and s G -F" we have, using Lemma 12.101 

\\ip^ o as{p) - AdfT$,s o ip^{p)\\2 

< y^iuspul) - ^{UsPU*)\\2 + \\<^?{uspu*) - $(n,)$(p)$«)||2 

+ mius) - a$,,)$(p)$«)||2 + - ip^{p)Mut)\\2 

+ \\a^,s^^{p)mu*) - <^{us)*)\\2 + \\a^,s^^{p){Hus) - (T^,syh 

< - + S' + 66' + - + 36' + 66' < 6. 
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Furthermore, for all A; = 1, . . . , n, si, . . . , Sfc € -F", and pi, . . . , € IP we have 



< 



i=l 



i=l 



i-1 



< (1 + k)6' < 



n Hu,^)HPj)Hu:^) 
j=i+i 



,k we have \\^{asi{pi)) - (/?$(asi(pi)||2 < 



and therefore, using the fact that for each i = 1, 
5/{2>n) since a^, (pi) G ^Pf", 

\\'f^{as^{pi) ■ ■ ■ as^{pk)) - (/?$(asi(pi)) • • • 99$(as,(pfc))l|2 

< ||99$(asi(pi) • ■■asf^ipk)) - ^>(asi(pi) • • • as,,{pk))\\2 

+ \\H<^sApi) ■ ■ ■ asM) - ^(a.i(Pi)) • • • Has,{pk))\\2 

k 



4 = 1 



<-H \-k <6. 

3 3 3n 



X <l>ias,+,iPi+i)) ■ ■ ■ '^iasM)\[ 



It follows that (o-$, G HA(F, 7, n, 6, d). 

It is clear from the above construction of 0"$ and for each $ G SA(F U IP, m, that 
we can find a small enough e > not depending on d with e — )• as (5 — >■ such that for any 
G SA(Fuy, m, 5', d) satisfying pEuQi^, ^) > e the pairs {ct^Ie, ^^\q) and (a^f 1^;, 93<i-|q) are 
distinct. Therefore 

d-'^'='7V,(SA(Fuy,m,5',d),/?s,Q) < \}iA{F,?,n,5,d)\E,Q 

for some k > with k ^ as e ^ 0, by Lemma 12.51 We conclude by Lemma 12.61 that 
seuq{F U y) < se,q{F, and s^uq(^ U CP) < s^; q(F, yielding the proposition. □ 

The next result is a consequence of Theorem 12. IH Proposition 15. 11 and Proposition 15.21 Note 
that L°° {X, fj,) can be written as the closure of a increasing sequence of finite-dimensional 
unital *-subalgebras, and the set of nonzero projections in the union of such a sequence is 
dynamically generating. 

Proposition 5.3. Let G r\ {X,fi) be a measure-preserving action. Let Q be a generating subset 
of G and M a dynamically generating * -subalgebra of L°^{X,^). Then 

s{G,X) = supsupinf inf S£;^q(F, CP), 
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s(G, X) = supsupinf inf Sp n(F, T) 

where in both lines E and F run over the finite subsets of 0, and !P and Q run over the finite 
partitions of unity in M consisting of projections. In particular, if F is a finite generating 
subset of G and 7 a dynamically generating finite partition of unity in L°°{X,fj,) consisting of 
projections then 

s{G,X) = SF,AF,-y'), 
s{G,X) = sp^j,{F,J'). 

Proposition 5.4. Let G r\ {X,fi) be a measure-preserving action. Then s{G,X) < s{G) and 
s{G,X) <s{G). 

Proof. Let E and F be finite subsets of G and "? and Q finite partitions of unity in L°°(X, 
consisitng of projections. Let n E N, and 5 > 0. Let d G N. Tlie number of restrictions (/?|q 
where ip is a unital homomorphism from span(J'i?,J to is at most IQI*^. Therefore 

\RA{F,T,n,6,d)\E,Q < \Qf\SA{F,n,6,d)\E, 

from which we deduce that se,q{F,'J') < se{F) and SEQiF,"?) < Se{F). Now apply Proposi- 
tion [531 to obtain the result. □ 

Theorem 5.5. Let [Yju) be a probability space with Y finite and let G r\ {X,fi) = {Y,v)^ be 
the Bernoulli action. Then s{G,X) = s{G) and s{G,X) = s{G). 

Proof. By Proposition 15.41 it suffices to show that s{G,X) > s{G) and s{G,X) > s{G). This is 
a consequence of Section 8 of [2j, which shows that every sufficiently good sofic approximation 
for G is compatible with a suitable sofic approximation for the action. □ 

Proposition 5.6. Let G r\ {X, fi) be a measure-preserving action. Then either s{G, X) > 
1 - ors{G,X) = -oo. 

Proof. If s{G,X) 7^ — oo then the groupoid associated to the action is sofic, and an argument 
as in the proof of Proposition 12.141 shows that s{G,X) > 1 — □ 

Theorem 5.7. Suppose that G is amenable. Let G r\ {X,fj,) be a measure-preserving action. 
Then s{G,X) = s{G,X) = 1 - \G\-\ 

Proof. In view of Propositions 15.4 1 and 15.61 and Theorem 14.121 it suffices to show that s{G, X) ^ 
— oo. But this follows for example from Theorem 6.8 of [14J. □ 

6. Actions of free products 

In this final section we derive a free product formula for actions. In the case of free actions a 
more general formula is established in [6] using an equivalence relation approach. We follow the 
notational conventions of the previous section. Also, we will write SE,TiG, X) and s^; j.(G, X) 
to mean seu'J'{Ig,x) and S£;uy(/G,x)j respectively, where as before Ig,x is the p.m. p. groupoid 
associated to the action G r\ (X,fi). 

Lemma 6.1. Let Gi and G2 be countable discrete groups. Let a be a measure-preserving action 
of Gi * G2 on {X,fi). Then 

s{Gi*G2,X) < s{Gi,X)+s{G2,X). 
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Proof. Let k > 0. Since G1UG2 generates Gi*G2, by Theorem l2.11l there are nonempty finite sets 
El C Gi and E2 C G2 and a finite set Q of projections in L°°{X, fi) such that s(Gi * G2, X) < 
seiUE2Uq{Gi * G2,X) + K. Take nonempty finite sets Fi C Igi,x and F2 C /G2,J>f such that 
SEiUoiFi) < s{Gi,X) + K and se2Uq{F2) < s{G2,X) + k. Given d, n G N and (5 > 0, for every 
element ip G SA(Fi U -F2, n, 5, d) we have ^\[Iq^ x] ^ SA(Fi, n, 5, d) and (^If/g^ x] ^ SA(F2, n, (5, d). 
Hence 

|SA(Fi UF2,n,(5,d)|ij,uS2UQ < |SA(Fi, n, 5, d)|s,uQ|SA(F2, n, (5, (i)|i5,uQ 

and so 

*G2,X) < 

•5£;iu£;2Uq(-^i U -^2) + k 

< SEiUq{Fi) + SE2Uq{F2) + K 

< s{Gi,X) + s{G2,X) + 3k. 

Since k was an arbitrary positive number we obtain the lemma. □ 

The proof of the following lemma is similar to that of Lemma 12.131 

Lemma 6.2. Let y be a finite partition of unity in L°°{X,fi) consisting of projections. Let Q 
be a finite set of projections in L°°{X, n). Let E and F be finite subsets of G, n G N, and 6 > 0. 
LetieN. Then 

siF,n) = inf liminf — ^--log|HA(F,?,n,5,£d)b,Q. 
5>0 d-i-oo idlog{td) 

Recall that Sd acts on the set of maps o" : G — >■ /S^ by {U ■a)s = UasU~^. Also, given a unital *- 
subalgebra M C L°°{X, fi), Sd acts on the set of unital homomophisms ip : M ^ diag(M(i) = 
by {U ■ if){f) = Uip{f). Thus we have an action Sd on the set of pairs (cr, ip) consisting of such 
a and (p. 

Recall also that for sets A\ C ^2) Bi C i?2, Zi, and Z2 and a collection '3^ of ordered pairs 
consisting of maps Ai — )■ Zi and A2 — > Z2 we write \'3^\b^_,B2 foi' the cardinality of the set of 
pairs {a\Bi,'p\B2) where (a, (/?) G '3^. 

Lemma 6.3. Let Gi and G2 be countable discrete groups and let a. be a measure-preserving 
action of Gi * G2 on {X, fi) . Then 

s{Gi*G2,X) >s{Gi,X) + s{G2,X). 

Proof. Let r/ > 0. Then by Theorem 12.111 Proposition 15.21 and Proposition 15.11 there exist 
finite sets Ei C Gi and E2 C G2 and finite sets of projections Qi,Q2 ^ L°°{X,iJ,) such that 
Se^q^{Gi,X) > s{Gi,X)—rj and Se^q^{G2,X) > s{G2, X)—r]. We may assume that 1 G QinQ2. 
Thus, since Gi U G2 generates Gi * G2, by Theorem 12.111 and Proposition 15.21 there are finite 
symmetric sets Fi C Gi and F2 Q G2 and a set 7 consisting of the nonzero projections of some 
finite-dimensional unital *-subalgebra of L°°{X, fi) containing Q1UQ2 such that Se-^ijE2 QiUQ2(^i* 

G2,X)>Se 

iU£;2,QiUQ2 

Let 6 > and n G N. Set K = (Fi U i^2)"'- Let 6' be a positive number less than 6/n to be 
further specified. Let < 5" < 6, to be further specified. 

Fix an £ G N such that for every p G "Pk we can find a 5p G N such that \n{p) — bp/i\ < 6" 
and Ylp&ji bp = ^- Let d G N. Let k > 0, to be specified in a moment. For z = 1, 2 a simple 
perturbation argument shows that by taking 6" small enough, independently of d, we can ensure 
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that for every {a, ip) € HA(Fj, y^^, n, 5", id) there is a unital homomorphism ip' : spanC? k"^) C 
such that {a, if') £ RA{Fi,'J'K,n,S' ,id) and tTdif'ip)) = bp/ 1 for ah p G 'J'k- Write ^ for the 
set of ah ((7, if) € HA(Fj, Ti^-, n, 5', £d) such that trrf((^(p)) = for all p G y/^-. Since the total 
number of unital homomorphisms span(yx) — > C'^ is at most r'^ where r = |CPx|, we have 

I^Ie.A > r-<'\Rk{F,,yK,n,5",id)\E^,Q^. 

for i = 1,2. 

Fix a (cr, (/j) G For every map w : G2 — )• 5^ we construct, using freeness, a map 17 = 0^ : 
Gi * G2 — > Srf such that for a reduced word ii • • • where the alternate membership in 
and we have Q.tx---tn = Pi,tiP2,t2 ' ' ' Pn,t„ where = cr if Sj G F^ and Pi = OJ otherwise. 

Fix an identification of M^^ with such that matrix units pair with tensor products 
of matrix units and for every p G the projection (p{p) has the form D ® \ for some diagonal 
matrix D G Mi. Write for the set of all permutation matrices in Mid of the form Ei^i ® 

Ui G Ml (S" Md where the Ei^i are the diagonal matrix units. 

Let (ujip) G Then there is a G Sid such that the pair {uj',tp') = W ■ {uj,ip) satisfies 
tp'ip) = (pip) for all p G CPx- Write d,a,^p,ui,ij,w for the set of all U G ."^X^d such that for every k = 
1, . . . , n the map Q = ^u-ui' satisfies ividiyt.tx---tk) < '^'/^ for all reduced words ti • • • tfc / e where 
the alternate membership in and F^. By Lemma l46] we have lim^^oo d,a,Lp,ui,^,w\/\^d\ = 
1 assuming that 5" is small enough as a function of 5' . 

Take a {/ G d,a,ip,Lj,-ti},w and set w" = U -oj' . Let us show that V'') £ HA(Fi U-F2, (5, ^d) 
where O = fi^". Let ti, . . . , t„ G Fi U F2. Let ji = I < j2 < ■ ■ ■ jk 1^ n be such that for each 
i = 1, . . . ,k the elements tj., . . . ,tj-^-^-i either all lie in Fi or all lie in F2 and this common 
membership alternates between Fi and F2 from one i to the next. Writing p^*) = cr if tj- G Fi 
and otherwise, we have 

i=l 

Also, if we are given a t G (Fi U F2)" \ {e} then since Fi and F2 both contain e we can write 
t = ti • • • ifc where 1 < k < n and ti,...,tk alternate membership in and F2, so that 
tiidi^t) = tr£rf(Ot^,..f J < (5' < (5. Since jtr^ o tp'{p) - fi{p)\ = jtr^ o jp{p) - n{p)\ = 5" < S for all 
p G J'(j?^uj72)" by virtue of the fact that {^.,11)) G we thus conclude that Q is an element of 
GA(Fi UF2,a',n,5, U). 

Now let us check that, to within the required tolerance, ijj' is approximately equivariant on 
a reduced word ti • • • tfc where 1 < k < n and the tj alternate membership in F" and Fg". Let 
p G y. For every j = 1, . . . ,n the projection atj^^-.-tnip) lies in and hence has the same 
image under ip and •i/'') and so, using the fact that U commutes with ip{atj^^...t„{p)) the case 
that tj G F^, we obtain 

||Adl7i^ oV^'(a,^^^..,„(p)) - V''oai^.(ai^,^,..,„(p))||2 < 5'. 

It follows that 



\\kdat,...t,oi^'{p)-^l:'oat,...tMh 

= II Ad 17*1 o • • • o Adl7t„ o^/;'(|)) - tj)' o at^o ■ ■ ■ o at„(p)||2 
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< X II Ad o ... o Ad (Ad . o V'(at,+i-t„ iP)) - i^' o at, (at,+,...t„ (p))) ||2 

< n6' < S. 

We conclude that £ HA(Fi U F2, as desired. 

Note that CI was obtained by combining in a free manner the maps a and w", where the latter 
was obtained from co by conjugating by W and then by U. Let 7 > 0. The set 0^ of all W that 
could have done the required job has cardinality at least d!^. For all d larger than some cIq not 
depending on a, u, or W, the set d,(j,<f,uj,'4),w of all U that do the required job for a given W 
has cardinality at least |=^d|/2. Set 

Ad,a,ip,w,v = {UW -.W and U £ Td,a,ip,uj,tp,w} ■ 

Taking a set of representatives for the orbits of the action of on 6^ by left multiplication 
and writing 7w for the set of all U G such that UW = W, we have 

< 2 X l^d,<T,¥',a;,t/',VFW^| < 2|Ad,o-,9?,a;,-!/'|. 

Therefore, writing S for the set of all U € Sid such that (J7 • u})\e2 = ^\e2 {U ■ V')|q2 = "0102 
and assuming d is large enough so that \Sm\ < {£dy'^^^+^^ and 19^1 > d^<^(i-T) by Stirhng's 
approximation, 

\Sed ■ {^,nE2,Q2 - ^ ^ \§\ d€d(l-7) 

~ |S| 

< 2^^^(i+^)d2^'^^|Arf,^,^,^,^ • (a;, V)b2,Q2- 

Let M he a set of representatives for the orbits of the action of 5'^^^ on ^ modulo the relation 
under which two pairs are equivalent if the first coordinates agree on E2 and the second coordi- 
nates agree on Q2. Then |^|_e2,Q2 = S(w i/')g^ \Su'{'^^ V')|e2,Q2- Take a set of representatives 
for the relation on ^ under which two pairs are equivalent if the first coordinates agree on Ei 
and the second agree on Qi. Then 

UB2,QiUQ2 
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X \RA{F2,'J>K,n,S",£d)\E,,Q, 

and hence, in view of Lemma [621 



liminf ^ |HA(Fi U F2,'J',n,6,U)\EiuE2,QiUQ2 

d-^oo Id log [tClj 

> lim inf V |HA(Fi ,?K,n, 6", Id) \e,,q, 
d^oo ld\og[id) 

+ liminf \ |HA(F2,y,,,n, 5", id)\E,,Q, - 27 

Since n was an arbitary positive integer and 5 and 7 arbitrary positive numbers, it follows that 
and hence 

s{Gi *G2,X) > Se^i,e2,QiuQ2 i^i *G2,X) 

>SE,UE2,Q^UQ2iFl^F2,y)-V 

> Se,,Q, {Gi,X) + Se,,q, {G2,X) - 7] 

>siGi,X) + s{G2,X)-3rj. 

Since rj was an arbitrary positive number this yields the result. □ 

Combining Lemmas 16.11 and 16.31 yields the following. 

Theorem 6.4. Suppose that Gi and G2 are approximation regular. Let a be a measure- 
preserving action of Gi * G2 on {X,fi). Then a is approximation regular and 

s{Gi *H G2,X) = s{Gi,X) + s{G2,X). 

Corollary 6.5. Let r G N and let r\ {X, fi) be a measure-preserving action. Then s{Fr,X) = 
s{Fr,X)=r. 

Proof. Repeatedly apply Theorem 16.41 using the fact that the action Z r\ {X, fi) obtained by 
restricting to any one of the standard generators of Fr satisfies s{Z,X) = s{Z,X) = 1 by 
Theorem 15.71 □ 

The above corollary implies that, for distinct ri,r2 G N, given for each i = 1,2 a measure- 
preserving action F^- r\ (X, /i), the associated groupoids are nonisomorphic. From this we 
recover both the fact that and Fr2 are not isomorphic when ri 7^ r2 and Gaboriau's result that 
for ri 7^ r2 there are no free ergodic measure-preserving actions r\ {X, fi) and r\ {X, fi) 
which are orbit equivalent [9]. 

By combining the techniques of this section with the quasitiling arguments of Section |4] one 
could likely generalize the formula of Theorem 16.41 to allow for amalgamation over a common 
amenable subgroup on which the action is free. We have refrained from attempting this given 
that the technical details would be formidable and the equivalence relation approach of [6] al- 
ready gives the desired formula under the hypothesis that the action of the amalgamated free 
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product is free. Ultimately one would like to have a general groupoid version of the free prod- 
uct formula in this amalgamated setting that would specialize to actions without any freeness 
assumptions. 
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